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a b s t r a c t
Non-woven materials are ﬁber networks consolidated by different bonding techniques. It has been found
that interﬁber bond fracture is a major damage mechanism in non-wovens and strongly affects mechanical strength and toughness. In this article, we present a micromechanically based damage model for
non-wovens. The model is built upon modeling single bond breaking processes and linking local damage
events to macroscopic behaviors. In this model, a nonlinear term is introduced to describe non-aﬃne deformation of ﬁbers at a bond. The traction load on a bonded interface is determined by considering local
force balance and network constraints. A bond breaks when its traction load exceeds a critical value, and
this local information is used to update the global damage state through a classical continuum damage
mechanics framework. Spatial correlation of damage in the network is modeled using a non-local averaging scheme. The proposed model is applied to a commercial non-woven series. The model is able to
reproduce experimentally observed behaviors including elasticity, non-linear hardening, peak load and
damage localization under uniaxial tensile loading as a function of network density. Damage states predicted by the numerical simulations match well with in-situ imaging results demonstrating the predictive
capability of the model. The proposed model bridges non-woven microstructure and macroscopic behaviors and thus can serve as an effective tool for future studies of the mechanics of ﬁber networks.
© 2018 Published by Elsevier Ltd.

1. Introduction
Many natural and synthetic materials have bonded ﬁber network structures, e.g. cytoskeleton of cells (actin micro ﬁlament
networks), extracellular matrix of soft tissues (collagen ﬁber networks) and rubbers (molecular chain networks). Non-wovens are
man-made networks of nanometer to micrometer diameter ﬁbers.
This type of material has advantageous physical properties such
as high porosity, high speciﬁc strength and high damage tolerance, and hence has been widely used in ﬁelds including tissue engineering, water puriﬁcation, ballistic protection and energy
conversion technologies (Russell, 2006; Yoon et al., 2008; Ahmed
et al., 2015; Liu et al., 2013). Accurate modeling and prediction
of the mechanical properties of ﬁber networks remains a diﬃcult task (Picu, 2011). The challenges arise both from complex
constituent material properties and the microstructural irregularity and heterogeneity. The ﬁbers can intrinsically be highly nonlinear at ﬁnite strains and ﬁber-ﬁber bonds can break under external loading. Both intrinsic material property aspects contribute to
macroscopic material non-linearity such as plasticity and damage.
Microstructurally, the load transmission path within a ﬁber net-
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work strongly depends on network connectivity. The ﬁber stress
distribution is often distinct from the ﬁeld solution of a continuum solid. Because of the discrete and irregular microstructure, a
physically sound material model for ﬁber network materials like
non-wovens has to account for both the heterogeneity and the intrinsic nonlinearity.
Fiber network materials are typically modeled by either discrete
simulations or continuum models. For the discrete modeling strategy, each ﬁber and bond is modeled explicitly using the ﬁnite element method. Such discrete network models have the advantage
of capturing the detailed load distribution and deformation proﬁle of a network structure. Discrete network models have been
used to study the effects of microstructural features (ﬁber density,
ﬁber length and bond density) on macroscopic mechanical properties (Heyden, 20 0 0; Bronkhorst, 20 03; Ridruejo et al., 2010; Kulachenko and Uesaka, 2012; Jin et al., 2013; Wilbrink et al., 2013).
It has been found that ﬁber density plays an important role in
the mechanics of ﬁber networks. In high density networks, ﬁbers
deform nearly aﬃnely and individually deform axially even under
local compression due to low ﬁber segment length to width aspect ratio. In low density networks, ﬁbers deform non-aﬃnely and
mostly bend rather than axially compress under compressive end
loads (Wilhelm and Frey, 2003; Shahsavari and Picu, 2013a, 2013b;
Chen et al., 2015). Though discrete network models capture detailed physics, they are not computationally eﬃcient. Homogenized
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models are useful for large specimen simulations. In the pioneering work of Cox (1952), two dimensional non-woven small deformation elastic properties were derived theoretically assuming that
each material point is an assembly of long straight non-interacting
ﬁbers. The load response of a material point can be calculated
as the sum of loads carried by each constituent ﬁber scaled by
ﬁber density. This concept was later extended to three dimensional
and ﬁnite strain cases (Narter et al., 1999; Planas et al., 2007). In
recent years, many researchers have worked towards incorporating different aspects of micromechanics such as ﬁber undulation,
ﬁber bending, ﬁber re-orientation process and local entanglement
into homogenized modeling frameworks (Pai et al., 2011; Silberstein et al., 2012; Raina and Linder, 2014; Martínez-Hergueta et al.,
2016).
Non-wovens experience progressive damage under external
loading (Isaksson et al., 2006; Ridruejo et al., 2011). The damage
comes from either interﬁber bond fracture or ﬁber fracture. It has
been found that interﬁber bond damage usually starts accumulating at small strains and affects both mechanical strength and elasticity degradation. Therefore, a good understanding of bond damage mechanics is beneﬁcial for modeling non-woven mechanical
behavior. Experimental techniques, including acoustic emission detection, in-situ SEM, and in-situ computed tomography have been
used to monitor bond fracture with deformation (Isaksson and
Hägglund, 2007; Ridruejo et al., 2011; Chen et al., 2016). Discrete
network simulations have been used to study damage evolution
laws (Åström et al., 1994; Hägglund and Isaksson, 2008; Abhilash
et al., 2012). Isaksson et al. (2004) developed a constitutive model
to capture anisotropic plasticity and damage evolution in paper
materials. The parameters in the damage evolution law were obtained by ﬁtting to uniaxial tensile experimental results. Ridruejo
et al. (2012) used a phenomenological damage evolution law to describe the effects of bond fracture on the load carrying capacity of
the ﬁber.
In this work, we present a micromechanics based constitutive
model that can capture damage in different density non-wovens
composed of long straight ﬁbers. First, the damage mechanisms in
a network structure are brieﬂy summarized. The constitutive equations for the model are then physically motivated and presented.
Finally, a demonstrative example is presented: the proposed model
is applied to a commercial non-woven series and numerical simulation results are compared with experiments. Damage evolution
and localization for different density non-wovens will be discussed.
2. Background of damage mechanisms in ﬁber networks
Mechanical testing and imaging results have shown that interﬁber bond fracture is a major damage mechanism in some
non-wovens including geotextiles, paper and electrospun networks
(Ridruejo et al., 2011; Isaksson et al., 2006; Choi et al., 2004). From
a microscopic perspective, bond fracture happens when the traction load applied on a bonded interface exceeds a critical value.
It has been found that most of the bonded interfaces are broken
under a shear deformation mode (Mode II fracture) (Deogekar and
Picu, 2018). Fig. 1 is a schematic of undeformed and deformed conﬁgurations of a discrete ﬁber network with a magniﬁed view of
a bonding site. At each bonding site, there are two ﬁbers which
are separated by the bond into four ﬁber segments. When a ﬁber
network is under loading, all ﬁber segments experience different stretches (non-aﬃne deformation (Hatami-Marbini and Picu,
2008)), which results in a traction load on the bonded interface
and drives interfacial separation.
Bond fracture reduces non-woven load carrying capacity and
affects the overall mechanical behavior. Fig. 2 is a schematic of
a typical non-woven load-displacement curve under tensile loading (elastic-plastic with damage). Once damage initiates, the non-

woven mechanical response deviates from that of the no damage
case. The nonlinear response after damage initiates is largely determined by the damage evolution law. It has been found that
network density has great effects on damage onset and evolution. Experimental results show that for non-wovens made by long
straight ﬁbers, more bonds are broken in sparse networks than
dense networks at each strain under uniaxial tensile loading (Chen
et al., 2016). For this type of networks, bond fracture is associated with ﬁber non-aﬃne deformation. This is because given aﬃne
deformation, ﬁber kinematics are solely deﬁned from macroscopic
deformation, load is transferred along individual ﬁbers, and bonds
are not loaded and will not break. We assert that the primary
cause of the greater bond fracture in sparse networks than in
dense networks is that local deformation in sparse networks is
highly non-aﬃne. Consequently, there is large variation in ﬁber
segment stresses at bonding sites leading to high tractions on the
bonded interface. The local deformation in dense networks is more
aﬃne, approaching the behavior of a continuum solid. Fiber segment stress along any given ﬁber in a dense network only deviates
slightly, leading to low bond tractions. The localization zone sizes
in different density non-wovens are also different. Dense networks
localize damage over a thin strip of material and typically have a
rupture-like failure mode. Sparse networks have a large localization zone size and corresponding gradual failure mode.
3. Constitutive model
Our proposed model combines an aﬃne ﬁber deformation
model at the network scale to obtain the overall stress response
with a non-aﬃne micromechanical model of bond sites to obtain
the damage evolution. The model aims to capture the following
features of non-woven macroscopic mechanical behavior:
•
•
•
•

Elastic-plastic behavior at ﬁnite strains
Damage progression within a large size specimen
Damage spatial correlation and localization
The effects of network density on damage

In the subsequent sections we describe the four parts that compose the model: network model, ﬁber model, bond damage model
and non-local averaging scheme.
3.1. Network model
The network model relates the macroscopic stress response to
ﬁber deformation and bond damage. Here, we adopt the framework developed in (Planas et al., 2007; Ridruejo et al., 2012). We
focus on modeling planar layered non-wovens and therefore assume that the network structure can be simpliﬁed to a 2D continuum solid. Within each material point, there are long straight
ﬁbers oriented in different directions (Fig. 3a). At this network
level, we also assume that there is no interaction between ﬁbers,
so all ﬁbers deform aﬃnely. Fibers with the same orientation are
grouped into one ﬁber set and the orientation of this ﬁber set is
denoted as Nθ (Fig. 3b).
Helmholz free energy  , deﬁned per unit undeformed volume
of the network is written as the sum of the strain energy density
of each ﬁber set, scaled by the ﬁber volume fraction.

 = νf



ν θ (1 − Dθ )(F , ξiθ ),

i = 1, 2, 3, ...

(1)

θ

where ν f is ﬁber volume fraction, ν θ is the fraction of ﬁbers at angle Nθ , and  is ﬁber strain energy per unit undeformed volume
without damage. The damage variable Dθ is incorporated here to
describe the damage state associated with this ﬁber set. Dθ takes
real values from 0 to 1 ({Dθ ∈ R|0 ≤ Dθ ≤ 1}). Dθ = 0 indicates no
bond damage on the ﬁber set, while Dθ = 1 means a total loss of
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Fig. 1. Schematic of (a) undeformed and (b) deformed conﬁgurations of a discrete ﬁber network with a magniﬁed view of a typical bonding site under uniaxial tension in
the x direction.

where P is the ﬁrst Piola–Kirchhoff stress and a dot indicates a
time derivative. The ﬁrst term describes the mechanical power
supplied to the material and the second term describes material
internal energy change. Considering an isothermal process, the inequality can be expanded as:



P : F˙ −


 ∂
  ∂
∂ ˙
:F −
D˙θ −
ξ ˙θ ≥ 0
θ
∂F
∂D
∂ξiθ i
i
θ
θ

(4)

Since inequality 4 holds for arbitrary load history, the stress response can be calculated as:

P=
Fig. 2. Schematic of the load-displacement curve of a non-woven with damage.

load carrying capacity of the ﬁber set. Fiber strain energy density
 is a function of deformation gradient F (because of the aﬃne
assumption) and other necessary state variables ξiθ within each
ﬁber set (used for example, to describe plasticity evolution). The
deformation gradient F relates deformed and undeformed conﬁgurations through F = ∂ x/∂ X where X and x are coordinates of a
material point in the undeformed and deformed conﬁgurations, respectively.
The Helmholz free energy is written as a function of F, Dθ and
θ
ξi :

 = (F , Dθ , ξiθ )

(2)

The second law of thermodynamics states that energy dissipation
of a material system should not be negative, so the following inequality holds:

P : F˙ − ˙ ≥ 0

(3)

∂
∂F

(5)

The material model should comply with thermodynamic restrictions:

−

∂  ˙θ
D ≥ 0,
∂ Dθ

−

∂  ˙θ
ξ ≥0
∂ξiθ i

(6)

The ﬁber stretch λθ of a ﬁber set at direction Nθ is related to
macroscopic deformation gradient through:

λθ =



CNθ • Nθ

(7)

FT F

where C =
is the right Cauchy-Green deformation tensor. The
stress response of a material point can be calculated as:

P

= ∂∂
F
∂  ∂λθ
= νf
ν θ (1 − Dθ ) ∂λ
θ ∂F

(8)

θ

The ﬁrst derivative on the right hand side of 8 is evaluated by recognizing that ﬁber engineering stress sθf and stretch ratio λθ are a
work conjugate pair for a 1D member.

∂
= sθf
∂λθ

(9)

Fig. 3. Network level concept for 2D random ﬁber networks. (a) Fiber network structure within a material point. (b) Equivalent continuum solid containing ﬁber sets uniﬁed
according to orientation. Fiber set orientation is denoted as Nθ .
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The second derivative contains kinematic information only and can
be simpliﬁed as:

∂λθ
∂ (C N θ • N θ ) 2
=
∂F
∂F
1
= (C N θ • N θ )− 2 · (F N θ  N θ )
1

P = νf


θ

ν θ (1 − Dθ )sθf



(10)

F Nθ  Nθ

(C N θ • N θ ) 2

1

1
J

(11)

(12)

where J is the determinant of F. Since we are constructing a 2D
continuum model, J describes material planar area change with deformation.
Eq. 11 degenerates to the well known Cox model at the small
deformation limit. This network model is best suited for ﬁber networks in which average ﬁber deformation is close to aﬃne at small
deformation limits. For non-aﬃne networks, Eq. 11 would need to
be modiﬁed to incorporate initial non-aﬃnity.
3.2. Fiber model
In the derivation of the network model, ﬁber strain energy
density  does not take any speciﬁc form. Hence, any thermodynamically consistent constitutive law for the ﬁber can be
used within the framework. In this work, we adopt a simple 1D
elastic-viscoplastic model to describe ﬁber behavior modiﬁed from
Silberstein and Boyce (2010).
We assume multiplicative decomposition of elastic and plastic
stretches (Lee, 1969):

λ = λe λ p

(13)

where λe is the elastic stretch and λp is the plastic stretch. The
evolution of λp is related to the plastic stretch velocity gradient dp
through:

λ˙ p = d p λ p

(14)

The elastic strain energy density of a single ﬁber takes the following classical quadratic form:

1
2

 = E f (λe − 1 )2

(15)

where Ef is the ﬁber elastic modulus. The engineering stress sf is
calculated by taking the derivative of strain energy density with
respect to the total deformation λ:

sf = Ef

λe − 1
λp

(16)

The Cauchy stress is related to engineering stress through σ f = s f λ.
The magnitude of the plastic velocity gradient γ˙ p takes the following exponential form:



p

= ˙ o sinh

|σ f |
s



(17)

where ˙o is the pre-exponential coeﬃcient and s is the shear resistance to plastic ﬂow. dp is related to γ˙ p through:

d p = γ˙ p sign(σ f )

(18)

In modeling the roll-over yielding phenomena observed in
ﬁbers like polypropylene, the shear resistance is taken to have two
parts:

s = s1 + s2

s1
ssat


γ˙ p

s˙2 = s0 (λ p )n γ˙ p

The Cauchy stress σ is related to the ﬁrst Piola–Kirchhoff stress
through:

σ = PF T

The ﬁrst part of the shear resistance s1 initiates at 0 and evolves
with plastic strain λp until s1 reaches a saturated value ssat . The
second part s2 takes a power law form with respect to λp :

s˙1 = h 1 −

Then, the ﬁrst Piola-Kirchhoff stress at a material point is:

γ˙
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(19)

(20)
(21)

where h controls the approach of s1 to ssat , s0 is the initial value of
s2 , and n is the post-yield hardening exponent.
3.3. Bond damage model
We zoom-in to individual bond structures to determine when
a bond is broken on ﬁber set Nθ and to evaluate the effect of a
bond breaking on the damage state Dθ . We assume that all ﬁber
sets follow the same damage law (note that this does not imply
that they will have the same damage under macroscopic loading).
As shown in Fig. 4a, each ﬁber consists of many bond structures.
Each bond structure (Fig. 4c) is approximated here as one ﬁber at
angle θ (segments 1 and 2) and one ﬁber at angle θ + 90o (segments 3 and 4). When a bond is broken, it affects the damage
states in both the θ and θ + 90o orientations, therefore we cono
sider Dθ = max{Dθ , Dθ +90 }. In the remaining portions of this section, θ superscript is implied. Within a bond structure, the horizontal ﬁber segment stretches and engineering stresses are λ1 , λ2 ,
sf1 and sf2 , respectively. Under quasi-static loading, at each time
step, ﬁber segment forces are balanced within a bond structure.
The resultant force of ﬁber 1 and 2 is the traction load on the
bonded interface. A bond breaks when this resultant force exceeds
a critical value corresponding to the bond shear strength times the
bond area. If local deformation of a network is aﬃne, then micro
stretches λ1 and λ2 are equal to the overall stretch of the ﬁber λ,
and s f 1 = s f 2 and the traction load applied on the bond is zero. In
non-wovens made by long straight ﬁbers, however, bond breakage
implies that local deformation is not aﬃne. sf1 and sf2 are balanced
by sn , which is the sum of engineering stresses of segments 3 and
4 in horizontal ﬁber direction (Fig. 4d).
To model the above mentioned non-aﬃne deformation and local force balance within a continuum mechanics framework remains a diﬃcult task. Researchers have developed a variety of
approaches to provide the link between local deformation and
macroscopic deformation. To name a few, Tkachuk and Linder
(2012) utilized the principle of minimum averaged free energy to
determine microscopic ﬁber stretch, with the kinematic constraints
imposed by maximum advance paths theory. Kroon (2011) introduced a phenomenological term into the strain energy function
of rubber-like material to penalize the non-aﬃne deformation of
polymer chains. Also for modeling rubber elasticity, Miehe et al.
(2004) related chain micro-stretch ﬂuctuation to macro-stretch
through a p-root averaging operator.
In this work, our strategy is to solve the boundary value problem of ﬁbers stretching at a bond site and hence determine the
traction load on the bonded interface. We introduce a phenomenological description of sn to model local force balance at a bond.
Assuming that at any given macroscopic deformation F the directions of sf1 and sf2 are always in line with FN and all ﬁbers have
the same initial ﬁber diameter d:

s f 1 + sn − s f 2 = 0

(22)

The phenomenological term sn takes the following form:

sn =

s3f 1
P
β
(1 − D ) E 2f

(23)

where P and β are model parameters. The form of sn is inspired
by the elastic solution to stretching a ﬁber-ﬁber crossing at small
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Fig. 4. (a) Each ﬁber in a non-woven contains many bond structures. (b) Each bond structure contains four ﬁber segments and its deformation is assumed independent from
each other. (c) Deformed conﬁguration of a bond structure. (d) Engineering stresses of ﬁber 1 and ﬁber 2 are sf1 and sf2 , respectively. The contribution of ﬁber segments 3
and 4 in the direction of ﬁbers 1 and 2 is replaced by the term sn . The resultant force carried by segments 3 and 4 is sn multiplied by the initial ﬁber cross section area.

strains (see Appendix A). Introducing sn is equivalent to adding a
nonlinear spring between the ends of ﬁber segment 1. sn drives the
differences between the micro-stretches in segment 1 and 2 and
from macro-stretch λ, so the aﬃne ﬁeld assumed in the network
model is converted to a non-aﬃne ﬁeld analogous to the real physical picture. Parameter P describes the degree of non-aﬃnity in a
ﬁber network in the undamaged state. P = 0 indicates fully aﬃne
deformation, i.e. s f 1 = s f 2 . Greater P indicates a greater non-aﬃne
micro deformation ﬁeld. Parameter β controls the evolution of sn
with damage. Greater β corresponds to the degree of non-aﬃnity
increasing more rapidly with bond damage.
Another boundary condition for the local force balance on the
bond structure comes from the constraints of the surrounding network. The local deformation is aﬃne when sn = 0. Fiber segment
engineering stresses (sf1 and sf2 ) are then equal to the overall ﬁber
stress (1 − D )s f in Eq. 11, where sf is related to ﬁber macro-stretch
λ. Fiber segment stretches (λ1 and λ2 ) are equal to ﬁber macrostretch λ. By introducing sn , sf2 is greater than (1 − D )s f , and λ1 +
λ2 = 2λ. We assume superposition is applicable when comparing
the two cases of sn = 0 and sn = 0. Introducing sn leads to a change
in ﬁber stress sf2 which can be seen as a pulling force on the surrounding network. This pulling force causes the combined end to
end length of ﬁbers 1 and 2 to shrink by l (2λ − λ1 − λ2 ), where l
is ﬁber segment length. This physical picture can be approximated
as a pressure dipole acting on a continuum solid (see Appendix B).
The following equation then holds:

Having ﬁber stresses at hand, the average shear traction on a
bonded interface σ b can be calculated from force balance at a
bonding site:

s f 2 − (1 − D )s f = ηEn (2λ − λ1 − λ2 )

states that damage is only evolving (D˙ > 0) when the stress state
is moving on the damage surface (˙ d = 0 and d = 0).
The kinetic law of damage evolution is deﬁned through the
functional relation between d and D. Fiber stresses are solved
through Eqs. 23 and 24, hence they are functions of D. The physical meaning of b = σc Ab is the survival bond strength at D. Consider that each bond structure is independent from each other and
its bond strength (area) is a random draw from the bond strength
distribution. At damage state D, a ﬁber set loses a fraction D of
the load carrying capacity (network scale model Eq. 11) and a fraction D of bonds are broken on the ﬁber set. Within this construct,

(24)

where coeﬃcient η is a function of d, l and network thickness t.
Here, En is equal to initial network modulus 13 ν f E f (Cox, 1952)
scaled by the damage state on this ﬁber:

En =

1
ν ( 1 − D )E f
3 f

(25)

Fiber stresses sf1 and sf2 are related to stretches λ1 and λ2 through
the ﬁber constitutive laws. Using Eqs. 23 and 24 and ﬁber constitutive laws, λ1 and λ2 as well as sf1 and sf2 can be determined.

π d2
4

( s f 2 − s f 1 ) = σb A b

(26)

where Ab is the bond area. Due to the stochastic nature of ﬁber
network material, Ab varies among bonds and can typically be described by a statistical distribution. We assume all bonds break in a
brittle manner with bond strength σ c . The damage activation function then can be written as:

d = (σb − σc )Ab
= σb A b − b

(27)

where b = σc Ab is the critical force for a particular bond to break.
d only takes non-positive values. d is a function of D and current ﬁber stress states, and deﬁnes a damage surface in stress
space. When d < 0, damage is not activated. When d = 0, the
damage state is updated. The damage model is supplemented
by the two loading-unloading conditions given as Eqs. 28 and
29 (Simo and Hughes, 2006). The Kuhn-Tucker condition:

D˙ ≥ 0,

d ≤ 0,

D˙ d = 0

(28)

states that when d is not activated (d < 0), the damage variable is not updated (D˙ = 0); when damage is accumulating (D˙ > 0),
d = 0. The persistency condition:

D˙ ˙ d = 0,

if d = 0

(29)
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bonds with lower bond strength (area) always break ﬁrst, so b is a
quantile and is related to D through:

b = CDF −1 (D )

(30)

where CDF is bond strength cumulative distribution function.
Eq. 30 completes the local constitutive damage model of individual ﬁber set at angle θ .
3.4. Non-local averaging scheme
The non-local averaging scheme introduced in this section is
used to model the spatial correlation of damage events in the
ﬁber network structure. The constitutive equations presented in
sections 3.1, 3.2, 3.3 are local, that is the deformation and stress response of a local material point are directly related. However, damage in a ﬁber network has non-local effects. Because of ﬁber connectivity within the network, a bond fracture has direct inﬂuence
on load transmission far away from the bond location (Isaksson
and Hägglund, 2009). Further, a local constitutive law with damage (softening) would lead to mesh dependent ﬁnite element (FE)
results (Jirásek and Bažant, 2002). The damage zone would localize into a single strip of elements and the total energy dissipation
would decrease as the mesh is reﬁned. Physically, the source of this
problem is that a stress-strain based constitutive law deﬁnes energy dissipation based on material volume, whereas damage events
in a material (generation of micro-cracks or micro-voids, or breaking bonded interfaces in non-wovens) create new surfaces and
hence traction-displacement constitutive laws should be used. One
remedy for this problem is to introduce a length scale to convert
energy dissipation from a per volume basis into a per area basis.
In this work, we apply the non-local damage theory presented
in Jirásek (1998) and Bažant (1999). The idea of this non-local
damage theory is to replace the variable that controls material
softening by its non-local counterpart. Here, we introduce λ̄θ as
the non-local version of ﬁber stretch λθ . For a material point at
x, λ̄θ is taken as a weighted sum of local ﬁber stretch λθ of all
the material points in surrounding domain A (Jirásek and Bažant,
2002):

λ̄θ (x ) =

A

α (x, ξ )λθ (ξ )dξ

(31)

where α (x, ξ ) is a given non-local function. α (x, ξ ) is normalized
such that λ̄θ (x ) = λθ (x ) when the deformation ﬁeld is uniform.

α ( x, ξ ) =
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α0 (||x − ξ|| )
α
A 0 (||x − ζ|| )d ζ

(32)

||x − ζ|| is the Euclidean distance between x and ζ . This normalization step ensures that λ̄θ (x ) is not unrealistically small when x
is close to boundaries, when part of the weight function α 0 (r) lies
outside of the problem domain A. For a model with strong concaveness (like a crack or a notch), the two points at x and ζ are
considered not in interaction if any parts of the line between x
and ζ falls out of the problem domain. In other words, if x and ζ
are on the different sides of a crack, α (x, ζ ) is taken as 0.
The weight function α 0 (r) takes the following Gaussian form:

α0 (r ) = exp[−(2r/lch )2 ]

(33)

where lch is the length scale parameter. The numerical implementation of the non-local damage model is detailed in Appendix C.
Physically, lch is a characteristic interaction distance within a ﬁber
network and is related to the initial network microstructure.
4. Results and discussion
As a demonstrative example, we apply the proposed model to a
set of commercial non-wovens, the Dupont Typar geotextile series.

Three non-wovens with different densities are considered: SF20,
SF32 and SF65. These materials are made through the same manufacturing process and are all composed of polypropylene ﬁbers
connected by thermal bonds. In the following sections, previously
published experimental characterization results of these materials
are summarized. Then, the parameter values used in the model
and a parameter study are presented. Finally, numerical simulation
results are discussed and compared with experiments for both intact and center cracked specimens.
4.1. Experimental results summary
Mechanical characterization results of the constituent ﬁber,
ﬁber-ﬁber bonds and non-woven bulk materials are detailed in
Chen et al. (2016) and Chen and Silberstein (2018) and are brieﬂy
summarized here. The constituent ﬁber has diameter of 40 −
60μm and its mechanical behavior is elastic-plastic (Fig. 5a). The
bond strength statistical distribution takes a Weibull form (Fig. 5b).
The cumulative density function of bond strength is

CDF (b) = 1 − e−(b/b1 ) 2 ,
b

b≥0

(34)

where b is the bond strength in N, b1 = 0.0778N and b2 =
1.14. The uniaxial tensile response of three non-wovens of size
9mm × 27mm are shown in Fig. 6. All three types of non-wovens
have a short elastic region, a roll-over yield region and a highly
damaged (softening) region after the peak load. The mechanical behavior variation among specimens of a particular type is
signiﬁcant, arising mainly from the randomness of the material
microstructure. After scaling mechanical properties with network
density, it was found that all three non-wovens have similar scaled
modulus but the high density non-woven has higher mechanical
strength.
In-situ micro computed tomography was used in combination
with tensile tests to monitor broken bond quantities in these nonwovens. Change in fraction of surviving bonds with deformation is
plotted as the inset of Fig. 6. In the high density non-woven (SF65),
bond damage is not signiﬁcant until the rupture failure, whereas in
the low density non-woven (SF20), a substantial number of bonds
are broken starting from small strains.
The fracture behaviors of this type of geotextile has also
been experimentally characterized. Ridruejo et al. (2012) tested
100mm × 200mm SF32 non-wovens specimens with a central
crack. It was found that the fabric nominal strength is directly proportional to intact specimen width (width-crack width), which indicates that this type of non-woven is not sensitive to stress concentrations. Signiﬁcant crack blunting prior to failure was observed
in their experiments.
4.2. Model parameters
The model parameters used in our simulation are summarized
in Table 1. Fiber density and ﬁber diameter values of the three
non-wovens are taken from the manufacturer product datasheet
(DuPont, 2014). Fiber segment length l and network thickness t in
the micro-force balance Eq. 24 are taken from Chen et al. (2016).
Based on our imaging results, ﬁbers are uniformly distributed
within the plane. Therefore, ﬁbers are grouped into 20 ﬁber sets
with angles uniformly spanning across [0, π ). Fiber elastic modulus Ef is directly measured from the ﬁber tensile stress-strain
curve. The pre-exponential coeﬃcient ˙0 is taken as a very small
value due to limited ﬁber time dependent behavior. The other four
parameters that control ﬁber plastic ﬂow (initial shear resistance
s0 , post-hardening exponent n, rate of shear resistance evolution
h and saturated shear resistance ssat ) are obtained by ﬁtting the
viscoplastic model response to the ﬁber monotonic tensile experimental data (Fig. 5a). The bond strength distributions in three non-
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Fig. 5. Experimental characterization results of constituent ﬁbers and bonds. (a) Monotonic tensile and cyclic behaviors of polypropylene ﬁber. The 1-D viscoplastic model
response is overlaid. (b) Bond strength probability density distribution.

Fig. 6. Experimental and simulation stress-strain curves of (a)SF20, (b)SF32 and (c)SF65. The three experimental curves represent maximum, median and minimal strength
cases. Simulation results are depicted with blue lines. Surviving bond fractions measured by in-situ micro computed tomography and predicted by simulation are compared
in the insets.

wovens are taken as the same since all these materials are manufactured through the same process.
Local damage is controlled by parameters P and β . Fiber segment stresses, micro-stretches and damage evolution with deformation (far ﬁeld stretch λ) within one ﬁber set for two sets of P
and β are shown in Fig. 7. By introducing the non-aﬃnity term
sn , the micro-stretches of the two ﬁber segments (λ1 and λ2 ) deviate from the far ﬁeld stretch. Damage initiates at small strains
since the bond strength distribution skews to low strength values.
This early initiation is consistent with experimental observations
in Ridruejo et al. (2011). Parameter P describes how far local deformation is from aﬃne deformation. Dense networks are closer
to a continuum solid, so P will take a lower value than for sparse
networks. Parameter β describes the increase in non-aﬃnity with
damage accumulation and hence prescribes the damage evolution
rate. A dense network has rapid damage accumulation after localization, so β is expected to take a high value. Fig. 7a-b are
for P = 30 and β = 0.1, values corresponding to a sparse network.
In this case, both ﬁber segment stresses increase monotonically.
Fig. 7c-d are for P = 4 and β = 1.6. In this case, the damage evolu-

tion rate is lower at the early stage of deformation than the sparse
network case. The two ﬁber segments have similar stress response
before the rupture failure (far ﬁeld stretch ≈ 1.6) and both experience some unloading after this major damage event. The exact
values of P and β for each areal density are chosen to ﬁt the uniaxial tensile stress-strain curves.
Parameter lch describes the spatial correlation of damage. It
controls the strain at which localization occurs and damage zone
sizes. Fig. 8 shows the effects of lch on the macroscopic stressstrain behavior. When lch = 27mm, the whole specimen deforms
homogeneously and localization does not occur. For the other
cases, the stress-strain curves deviate from the homogeneous deformation case. The bifurcation point is when damage starts to localize in one part of the specimen. A smaller lch leads to a more
drastic decrease in load carry capacity after the peak load and a
smaller damage localization zone size. The direct linkage between
lch and network geometry is not yet clear. In the gradient enhanced
damage model developed in Isaksson et al. (2004), the internal
length scale was taken as two times the ﬁber length. For the Typar
non-wovens we consider in this work, the ﬁbers are longer than
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Fig. 7. Non-aﬃne deformation and damage on a single ﬁber population. (a)-(b) P = 30, β = 0.1. (c)-(d) P = 4, β = 1.6. Fiber segment engineering stresses sf1 and sf2 (left)
and stretches λ1 , λ2 (right) are plotted. sn is the magnitude of the introduced non-aﬃnity term. (1 − D )s f is the overall stress carried by a ﬁber set.
Table 1
Model parameters (ﬁber and bond properties are the same for all three non-wovens).
Model component

Parameter

SF20

SF32

SF65

Network geometry

νf
νθ

0.205
1/20
0.24mm
0.35mm
0.05mm
2400MPa
10−18
1.73MPa
4.96
41.55MPa
10.68MPa
0.0778N
1.14
30
0.1
9.0mm

0.270
1/20
0.19mm
0.45mm
0.05mm

0.394
1/20
0.13mm
0.59mm
0.05mm

8
1.0
5.4mm

4
1.6
2.7mm

Fiber properties

Bond properties
Damage

l
t
d
Ef
˙0
s0
n
h
ssat
b1
b2
P

β

lch

sparse network (SF20). For SF32 and SF65, lch is assumed to scale
relative to SF20 with network areal weight.

4.3. Simulation results on intact specimens

Fig. 8. The effects of length scale lch on macroscopic stress-strain curves. The other
model parameters are the same as SF20 in Table 1.

the specimens, so lch should instead be comparable with the specimen dimensions. lch is taken as 9.0mm (specimen width) for the

The proposed model is implemented into the commercial FE
package ABAQUS as a user subroutine VUMAT. The 9mm × 27mm
specimen domain is discretized into 20 × 60 CPS4R elements (2D
four node bi-linear element with reduced integration). One element in the middle of the specimen domain has 0.9ν f and serves
as a “defect” to guide the location of damage localization. The introduction of this small “defect” does not affect the macroscopic
mechanical response prior to localization. Element deletion is triggered when overall damage at a material point ( θ ν θ Dθ ) is greater
than 0.999. For uniaxial tension, one short edge of the specimen
has ﬁxed Cartesian coordinates and the other short edge moves in
the loading direction with constant speed at 0.1mm/s. The two lateral edges are traction free. The loading speed is chosen to approximate a quasi-static loading condition. All simulations in this work
use ABAQUS/Explicit as the FE solver.
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Fig. 9. Images of SF20 (a, c, e) and SF65 (b, d, f) at engineering strains

= 0.1, 0.43 (before SF65 rupture failure) and 0.43 (after SF65 rupture failure).

Fig. 10. Damage contours of SF20 (a, c, e) and SF65 (b, d, f) at engineering strains

Fig. 11. Simulation stress-strain curves of specimens with and without a center
crack. The inset ﬁgure shows specimen geometry. The circular markers on the curve
correspond to the damage contours in Fig. 12.

The stress-strain curves from these simulations are superposed
on the corresponding experimental results in Fig. 6. It can be seen
that our proposed model can capture the non-linear hardening
and post peak damage region for all three types of non-wovens.

9

= 0.1, 0.47 (before SF65 rupture failure) and 0.47 (after SF65 rupture failure).

In the low density non-woven (SF20), peak load is reached at
a smaller strain than SF32 and SF65, indicating that more damage is accumulated during the early stages of deformation. The
damage evolution after the peak load in SF20 is gradual. In the
high density non-woven (SF65), after the material reaches the
peak load, the stress response ﬁrst gradually decreases and then
drops rapidly when damage localization occurs. For the intermediate density non-woven (SF32), in the median specimen, stress
response drops rapidly after the peak load just like SF65. After
this major damage event, the specimen can still carry load since
there are still a few ﬁbers connecting the two ends. The gradual SF32 behavior can be ﬁt with P and β values intermediate
to those of SF20 and SF65. It should be noted that in all three
non-wovens a great amount of damage is developed before the
peak load. The non-linear hardening region is a result of both ﬁber
plastic straining and network damage accumulation, which are explicitly included in the model. The bond survival fraction corresponding to each simulation is shown in the insets of Fig. 6. It
is shown that the damage evolution predicted by the FE simulation matches well with the imaging results, further validating the
model.
To evaluate the ability of the model to capture damage localization sizes in different density non-wovens, we compared the simu-
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Fig. 12. Damage contours of a = 0.4W cracked SF32 non-woven at (a) = 0.06 (70% of the peak load), (b) = 0.16 (peak load), (c)
localization) and (d) = 0.25 (10% of the peak load, after localization). The specimen is loaded in the y-direction.

= 0.2 (70% of the peak load, after

Fig. 13. Deformation pattern of a = 0.4W cracked SF32 non-woven at (a) = 0.1 (70% of the peak load), (b) = 0.33 (peak load), (c) = 0.67 (70% of the peak load) and
(d) = 0.70 (10% of the peak load, after localization). Reprinted from Ridruejo et al. (2012), Copyright (2012), with permission from Elsevier.

lated and experimental deformed conﬁgurations of SF20 and SF65.
It can be seen experimentally that in SF20 the damage localization zone is quite large (over half of the specimen area), whereas
in SF65, damage develops from small regions and ruptures the
sample (Fig. 9). This difference in damage localization zone size
is well captured by the FE simulations (Fig. 10). At a strain of 0.1,
both SF20 and SF65 have almost homogeneous damage distributions, but the magnitude of damage in SF20 is higher. In the postlocalization regime, the damage zone in SF20 is much larger than
in SF65.

4.4. Simulation results on specimens with central cracks
In order to evaluate the predictive capability of the proposed
model for large specimens under more complex loading conditions, we performed simulations on 100mm × 200mm SF32 nonwovens with a central crack and compared with experimental data
in Ridruejo et al. (2012). The inset schematic in Fig. 11 shows the
specimen geometry. Crack length a is taken as 0.2, 0.4, and 0.6
times specimen width W. In simulation, a specimen is loaded in
the vertical direction under uniaxial tension. Simulation predicted
damage contours for the a = 0.4W case are shown in Fig. 12. At
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Table 2
Nominal strength (kN/m) comparison between experiments and simulations
for cracked SF32 non-woven specimens.
Crack length

a = 0W

a = 0.2W

a = 0.4W

a = 0.6W

Experiments
(Ridruejo et al., 2012)
Simulations

6.2 ± 0.1

5.2 ± 0.2

3.7 ± 0.2

2.4 ± 0.1

6.3

5.3

4.0

2.8

= 0.16 (the peak load), damage zones of ﬁnite size can be observed ahead of the crack tips. One advantage of using a non-local
model is that damage zone size is directly related to network geometry through lch and is not mesh sensitive. At = 0.2, crack
blunting is obvious and a large portion of the material in the ligaments ahead of the crack tip is highly damaged, but the material right ahead of the crack tips is not fully broken. At = 0.25,
the whole ligament ahead of the crack tip is highly damaged, but
the specimen can still carry some load indicating that there are
still some ﬁbers connecting the upper and lower halves of the
specimen. All these observations are qualitatively in agreement
with experimental observations (Fig. 13) showing the model predictive capability for non-wovens with center cracks. It is noted
that the strain to peak load and the strain to localization predicted
in simulation is lower than in experiments. This lower strain to
failure might be because the lch value is underestimated by using 9mm × 27mm specimen for characterization. In order to improve the accuracy of model prediction, detailed characterization
of model parameters using different specimen sizes would be helpful. The engineering stress-strain curves obtained from simulations are shown in Fig. 11 (engineering stress is obtained by external load divided by initial cross sectional area 200mm × 0.45mm).
The shape of the curves of different cracked specimens are similar to each other - all present a short elastic region, a nonlinear
hardening region and a post peak load damage region. The damage progression is more gradual in specimens with initial cracks
than without initial cracks. Nominal strength data predicted from
simulations is shown in Table 2 (in simulation, nominal strength
is calculated as maximum stress multiplied by SF32 thickness
0.45mm) along with the experimentally measured strength values
from Ridruejo et al. (2012). It can be seen that the predicted nominal strength values match well with experimental data, further validating our proposed model.
5. Conclusion

This model can be applied to all ﬁber network materials made
by long straight ﬁbers where inter-ﬁber bond damage is a major
damage mechanism. The model incorporates network microstructural effects on damage and network internal length scales. It can
be further used to study the fracture behaviors of non-wovens, like
crack-tip ﬁeld and crack growth. It can also be used to predict
strength and toughness of non-wovens with different sizes.
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Appendix A. Elastic solution of single bond deformation
A simpliﬁed boundary value problem for a bond structure deforming is shown in Fig. A.14. One horizontal ﬁber of length 2l
(segment 1 and 2) and one vertical ﬁber of length k × 2l (segment
3 and 4) are connected at a bond. In this simpliﬁed model, all
the bonds are modeled as rotating joints (Picu, 2011) so ﬁber axial
deformation mode is the dominate deformation mode. This is because axial stress transfer mode instead of ﬁber bending is the major load transfer mechanism in a ﬁber network material (Räisänen
et al., 1997). One end of segments 1, 3 and 4 are connected to the
surrounding network, and their Cartesian coordinates are ﬁxed. As
the free end of segment 2 is pulled, all ﬁber segments deform and
their strains are denoted as 1 , 2 , 3 , and 4 . The average strain
of segment 1 and 2 is . Assuming small deformation, the strains
can be calculated as:
1

= k tan θ

(A.1)

2

= 2 − k tan θ

(A.2)

3

=

4

=

1
−1
cos θ

(A.3)

where θ is the angle between segment 3 and the vertical direction.
The ﬁbers are assumed to be linear elastic with elastic modulus Ef .
Equilibrium at a bonding site is:

2E f
In this work, we present a micromechanically based damage
model for non-woven ﬁber networks. The constitutive equations
are established by modeling the individual interﬁber bond breaking process and then relating the fraction of bond breakage to
the macroscopic non-woven stress. We introduce a physicallyinspired phenomenological term to describe non-aﬃne deformation of ﬁbers at a bonding site. The effects of network structure
on the degree of non-aﬃnity is considered in this term. By solving a boundary value problem at a bonding site, we determine the
traction load on a bonded interface and hence determine whether
a bond is broken. The spatial correlation of damage is an intrinsic characteristic of a ﬁber network. We use a non-local averaging scheme to model this mechanism. The proposed model is applied on a series of commercial non-wovens as a demonstrative example. The model reproduces all the features of a uniaxial tensile
curve including the elastic and plastic slopes, peak load and degradation after peak load. The damage localization zone size qualitatively matches with experimental observations. The accuracy of
microscopic damage information (fraction of bond damage) predicted by the model is conﬁrmed by comparing with μCT imaging
results.

11

3

sin θ + E f

1

− Ef

2

=0

(A.4)

The traction load on the bonded interface is:

sn = 2E f
= 2E f

3

sin θ
1

k

−

2
1

k2

+

2
1

(A.5)

Fig. A1. A bond structure in (a) undeformed and (b) deformed conﬁgurations.
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Performing a Taylor expansion of the above equation at
taking only the ﬁrst term, we have:

= Ef

sn

≈



3
1

k3

+ h.o.t

1

= 0 and



Input : Material properties. Deformation tensor U. State
variables λti , dit

(A.6)

s3f 1
k3 E 2f

where sf1 is ﬁber stress in segment 1. For ﬁnite deformation, anchors that move with the network and elastic-plastic ﬁber behavior, we therefore propose a traction load of the form sn =

Algorithm 1: Procedure for non-local averaging and updating
damage in Abaqus VUMAT

P

s3f 1

1

2

(1−D )β E 2f

(Eq. 23).
Appendix B. Elastic solution of a pressure dipole on an inﬁnite
plate

3

t , dt+t
Output: Updated state variables λt+
i
i
for i ← 1 to N do
// Loop over all material points
(Abaqus internal)
t using U;
calculate local ﬁber stretch λt+
// Equation
i
11 in section 3.1

t+t
t + N
t
λ̄i
= ij=1 αi j λt+
// Non-local
k=i+1 αik λk ;
j

averaging step
calculate trial damage state ditrial based on non-local

4

t+t

In this section, we provide the analytical solution of a pressure dipole on an inﬁnite plate problem and relate this solution
to the boundary condition in Eq. 24. Introducing the non-aﬃnity
term sn to our bond structure model makes ﬁber segment stress sf2
greater than in the aﬃne deformation case (1 − D )s f . This change
in ﬁber stress makes the two ends of the horizontal ﬁber closer
by l (2λ − λ1 − λ2 ) . In order to ﬁnd the relationship between this
change in ﬁber stress and network shrinkage, we approximate this
conﬁguration as a pressure dipole (ﬁber stress) applied on an inﬁnite plate (network) (Fig. B.15 b). To solve the pressure dipole
problem, we ﬁrst consider the that a point force P (unit [N/m],
a line load in thickness direction) is applied on an inﬁnite plate
(Fig. B.15a). The stress ﬁeld of this problem is given in Timoshenko
and Goodier (1951):

(3 + ν ) P cos θ
4π
r
1 − ν P cos θ
σθ θ =
4π
r
1 − ν P sin θ
σr θ =
(B.1)
4π
r
where (r, θ ) is the polar coordinate of a point of interest. Assuming

σrr = −

that the solid is linear elastic and plane stress conditions hold, one
can obtain the strain ﬁeld using rr = E1 σrr − νE σθ θ , θ θ = −Eν σrr +
1
1+ν
E σθ θ and rθ = E σrθ as:

(ν − 3 )(ν + 1 ) P cos θ
4π E
r
(ν + 1 )2 P cos θ
θθ =
4π E
r
1 − ν 2 P sin θ
(B.2)
rθ =
4π E
r
where E and ν are elastic modulus and Poisson’s ratio of the elasrr

=

tic solid. The displacement ﬁeld (ur , uθ ) is related to strain ﬁeld

5
6
7
8
9
10

11

stretch λ̄i
;
// Damage model in section 3.3
if ditrial > dit then
// Loading unloading criteria
dit+t = ditrial ;
else
dit+t = dit ;
end
calculate stresses at this material point; // Equation 12
in section 3.1
end





∂u
∂u
u
ur
= ∂∂urr , θ θ = urr + 1r ∂θθ and rθ = 12 1r ∂∂θ
+ ∂ rθ − rθ .
The displacement ﬁeld can therefore be calculated by integrating
Eq. B.2.

through

rr

−k1
r
P cos θ ln
πE
m
−k1
m
k2
uθ =
P sin θ ln
+
P sin θ
πE
r
πE
ur =

(B.3)

where m is an integration constant that represents rigid body
movement. The displacement ur = 0 at location (r, θ ) = (m, 0 ). k1
and k2 are deﬁned as:

k1 = −
k2 =

ν 2 − 2ν − 3
4

( ν + 1 )2

(B.4)

4

On the vertical plane (x = 0 ), the indentation distance is:

u0 = uθ |θ =− π2 =

k1

πE

P ln

k2
m
−
P
r
πE

(B.5)

We now extend the above solution to the pressure dipole problem in Fig. B.15b. Pressure load 1 with magnitude q is applied on

Fig. B1. (a) A line load P applied on an inﬁnite plate. P is in plane and is deﬁned as force per unit length in thickness direction. (b) A pressure dipole q applied on an inﬁnite
plate. q is related to ﬁber stress through Eq. B.10.
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x = 0, 0 ≤ y ≤ d, pointing to positive x direction. Pressure load 2
with the same magnitude is applied on x = L, 0 ≤ y ≤ d, pointing to
negative x direction. L is two times ﬁber segment length l. For each
pressure load, the displacement ﬁeld can be calculated by integrating the point load solution Eq. B.3 over the area of this applied
pressure. The indentation distance proﬁle on x = 0 plane caused
by pressure load 1 is v1 (y):

v˜1 =

 



q
˜ − y˜ ln y˜ − (1 − y˜ ) ln(1 − y˜ ) + k1 − k2
k ln m
πE 1



(B.6)

where we have introduced normalized variables v˜1 = v1 /d, y˜ = y/d
˜ = m/d. The indentation distance proﬁle on x = L plane
and m
caused by pressure load 1 is v2 (y) (normalized variables: v˜2 =
v2 /d, L˜ = L/d):



q
πE

v˜2 =

k1 ln √



˜
m

L˜2 +(1−y˜ )2



+ k1 y˜ ln

√
L˜2 +(1−y˜ )2
√


y˜

L˜2 +y˜2

−(k1 + k2 ) 1 + L˜ arctan − L˜ − L˜ arctan


 1−y˜ 

(B.7)

L˜

(B.8)

Average indentation distance over the area where the pressure load
is applied (x = 0, 0 ≤ y ≤ d) is:
1

˜¯ =
w

˜ dy˜
w

(B.9)

0

We apply the above solution to the boundary condition in
Eq. 24.

s f 2 − (1 − D )s f = ηEn (2λ − λ1 − λ2 )
The goal is to determine η based on network microstructure geometry. We consider ﬁber stress s f 2 − (1 − D )s f is evenly distributed
over the network thickness direction, so pressure q in the pressure
dipole problem can be calculated as:

π
4





d 2 s f 2 − ( 1 − D )s f = q · t · d

(B.10)

where t is network thickness. The average indentation distance is
horizontal ﬁber length differences between aﬃne and non-aﬃne
case (Fig. 4):

l
˜¯ =
w
(2λ − λ1 − λ2 )
2d

(B.11)

The coeﬃcient η is then evaluated as:

η=

2t l
·
d K

(B.12)

where

K=

1
0

(v˜1 − v˜2 ) ·

πE
q

dy˜
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scale lch , α (x, ξ ) is saved using sparse matrix representation for
easy memory storage.
During an explicit FE analysis, the algorithm for updating stress
and damage information from time step t to t + t is shown in
the algorithm block. The total number of material points is N. i,
j, k represent material point number. The deformation tensor U is
passed from VUMAT interface. λti and dit represent the ﬁber stretch
and damage at material point i at time step t (superscript θ implies
t+t

in this section). λ̄i
is the non-local ﬁber stretch. α ij is the nonlocal weight α (x, ξ ) between material point i and j.
Within a VUMAT setting, we use common blocks to store λti
and dit of all the material points. Note that at step 3 in the algot is calculated using both λt and λt+t . This is because
rithm λt+
i
i
i
at this point in a time step, some ﬁber stretches are updated while
the rest are not. This inconsistency between step 3 and Eq. 32 has
minimal impact on damage calculation in the model since the incremental time step in an explicit FE analysis is small.
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Appendix C. Numerical implementation of the non-local
damage model
The proposed non-local damage model in Section 3 is implemented in Abaqus as a user subroutine VUMAT. At the initial step
of a simulation, non-local weight function α (x, ξ ) of each pair of
material points is calculated. α (x, ξ ) is based on undeformed conﬁguration and is saved as a constant and will be called at each
incremental step. In the example application of this work, it is assumed that there is no interaction (α (x, ξ ) = 0) between two material points when ||x-ξ || > lch . This simpliﬁcation reduces computational costs while keeping enough physical accuracy. When the size
of the problem domain is much larger than characteristic length
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