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a b s t r a c t

Electrospinning is a novel method for creating non-woven polymer mats that have high
surface area and high porosity. These attributes make them ideal candidates for multi-
functional composites. Understanding the mechanical properties as a function of fiber
properties and mat microstructure can aid in designing these composites. Further, a
constitutive model which captures the membrane stress–strain behavior as a function of
fiber properties and the geometry of the fibrous network would be a powerful design tool.
Here, mats electrospun from amorphous polyamide are used as a model system. The
elastic–plastic behavior of single fibers are obtained in tensile tests. Uniaxial monotonic
and cyclic tensile tests are conducted on non-woven mats. The mat exhibits elastic–plastic
stress–strain behavior. The transverse strain behavior provides important complementary
data, showing a negligible initial Poisson’s ratio followed by a transverse:axial strain
ratio greater than !1:1 after an axial strain of 0.02. A triangulated framework has been
developed to emulate the fibrous network structure of the mat. The micromechanically
based model incorporates the elastic–plastic behavior of single fibers into a macroscopic
membrane model of the mat. This representative volume element based model is shown
to capture the uniaxial elastic–plastic response of the mat under monotonic and cyclic
loading. The initial modulus and yield stress of the mat are governed by the fiber
properties, the network geometry, and the network density. The transverse strain behavior
is linked to discrete deformation mechanisms of the fibrous mat structure including fiber
alignment, fiber bending, and network consolidation. The model is further validated in
comparison to experiments under different constrained axial loading conditions and found
to capture the constraint effect on stiffness, yield, post-yield hardening, and post-yield
transverse strain behavior. Due to the direct connection between microstructure and
macroscopic behavior, this model should be extendable to other electrospun systems and
other two dimensional random fibrous networks.

& 2011 Elsevier Ltd. All rights reserved.

1. Background

Electrostatic fiber formation or ‘‘electrospinning’’ is a robust method for creating non-woven mats of fibers from a wide
variety of polymers. These fibers are continuous with diameters ranging from tens of microns down to tens of nanometers,
resulting in low weight mats with high surface area and porosity (Pai et al., 2011). Hence, micro- and nano-fibrous mats
provide an ideal mechanical scaffold for numerous applications including tissue engineering and fuel cell membranes,
either alone or as part of a composite membrane where a matrix can be used to impart other functionality. To design mats,
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an understanding of the relationship between the macroscopic mechanical behavior of the mat and the underlying single
fiber behavior and mat network structure is required. A micromechanical model of the mat based on the mat micro-
structure and deformation mechanisms will provide insights and enable quantitative exploration of the composite design
space. The aim of this work is to develop a predictive model for the mechanical behavior of randomly oriented non-woven
fiber mats.

Micromechanically based constitutive models of non-woven fibrous networks primarily focus on elastic behavior. Cox
proposed a first model for the elastic modulus of paper based on the fiber network, assuming that all fibers extend from
one end of the mat to the other and that the fibers stretch but do not bend (Cox, 1952). However, the relatively low
bending stiffness of fibers and their random orientation make bending an important feature in many fibrous networks,
particularly when there is no supporting medium (Petterson, 1959; Wu and Dzenis, 2005). Since a fiber network deforms
cooperatively, a combination of stretching and bending of different fibers collectively accommodate the imposed deformation.
Biopolymer network models (MacKintosh et al., 1995; Wilhelm and Frey, 2003; Palmer and Boyce, 2008), based on the
concepts of rubber elasticity but addressing semiflexible molecules, have begun to address the contributions of fiber bending
and stretching for nonlinear elastic behavior. This tradeoff between local axial stretching and bending deformation of the fibers
will be important in the electrospun non-woven mats considered here. The mats are observed to exhibit elastic–plastic
behavior. Micromechanical modeling efforts concerning the inelastic deformation of paper, while limited, do begin to provide
insights into inelastic effects. Studies that used a microstructurally based approach found that it was necessary to assign a
lower yield stress to the fibers under compression (Ramasubramanian and Perkins, 1988; Bronkhorst, 2003). The authors
attributed this to a likely bending or buckling of the fibers and, in the case of Ramasubramanian and Perkins (1988), found that
the reduced yield axial compression simplification was insufficient to capture the full material behavior with a single set of
material parameters. Bronkhorst (2003) explicitly modeled discrete randomly generated networks composed of elastic–plastic
fibers but found that neglecting the mutual constraint effect of the adjacent layers by using a single layer two-dimensional
model caused a significant disparity with experimental results. Jearanaisilawong (2008) developed a microstructurally based
continuum mechanical model for needle-punched nonwovens, describing the mechanical response of the network in terms of
elastic fiber deformation and elastic and inelastic texture evolution (resisted by inter-fiber friction) related to the distribution of
fiber realignment. In addition to micromechanical models, phenomenological continuum models have been developed which
propose non-associative flow rules and non-quadratic yield surfaces (Xia et al., 2002; Mäkelä and Östlund, 2003; Harrysson and
Ristinmaa, 2008; Isaksson, 2010). Recently, non-wovens have been examined for energy absorption properties. There is a need
for micromechanically based models which can capture the elastic–plastic deformation which precedes failure (Ridruejo et al.,
2010, 2011).

Here, experiments will be conducted on an exemplar mat system. Amorphous polyamide is used as a model system
due to its relative ease of processability and the ability to form non-porous circular cross-section fibers of controllable
diameter (Pai et al., 2011). The mat morphology is characterized with scanning electron microscopy (SEM) and porosi-
metry measurements. The mechanical properties of the mat and constituent single fibers are then measured under
uniaxial tension. Video extensometry is key to characterizing the mat behavior, providing information about the axial and
transverse strain during tension.

In the model proposed herein, the non-woven mat is idealized as a layered network using a representative volume element
(RVE) approach. The random isotropic nature of the network structure is captured with a triangulated network; the layered
nature is captured by layering RVEs of differing orientation. The fiber stress–strain behavior is modeled as elastic–plastic; an
initial curvature of the fiber enables capturing the important effects of bending (unbending) and stretching. This approach
enables a relatively straight forward microstructurally based continuum-level model that maintains a strong connection to the
mat microstructure and one which naturally captures plastic strain evolution. The predictive capability of the model will be
assessed in comparison to tensile loading experiments under different constraints. This microstructurally based and computa-
tionally inexpensive approach should allow for a broad application of the fiber network model.

2. Experimental methods

2.1. Materials

The fiber mats are electrospun from amorphous polyamide. A 30 wt% solution of polyamide PA6(3)T was dissolved in
dimethylformamide (DMF). The parallel-plate electrospinning setup described by Shin et al. (2001) was used. The flow
rate, plate-to-plate distance, and voltage were set to 0.005 mL/min, 42 cm, and 34 kV, respectively. Randomly oriented
non-woven meshes were collected on a grounded sheet of aluminum foil. Several single fibers produced under the same
conditions were collected on paper templates.

2.2. Morphological characterization

For undeformed morphological characterization by scanning electron microscopy (SEM) (JEOL-6060SEM, JEOL Ltd., Japan),
fiber samples were sputter-coated with a 3–4 nm layer of gold using a Desk II cold sputter/etch unit (Denton Vacuum LLC). SEM
was used to observe the surface structure of fibers at 5 kV acceleration voltage and 15 mm working distance.
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For deformed morphological characterization by SEM, electrospun fibermat samples were mounted on a uniaxial
tensile stage of gauge length 10 mm within a Leo 438VP. The mat was cut into rectangular specimens 3 mm wide and
20 mm, 30 mm, or 40 mm long with a razor guided by a straight edge. The SEM was operated under variable pressure
mode at 20 kV acceleration voltage and 20 mm working distance. No metallic coating was required under these conditions.
The specimen was stretched at a rate of 5 mm s!1 and held at constant strain while the image was taken. Since the tensile
stage has only a single actuator the portion of the mat recorded does change from image to image.

Porosity was determined by finding the ratio of the measured mass of the specimen with the mass of a fully dense
specimen of the same size by measuring the thickness (with constant force), width, and length of the specimen. It has been
found that this method gives similar results to a mercury porosimeter method developed by Rutledge et al. (2009).

2.3. Mechanical characterization

Uniaxial tensile tests were conducted on both electrospun single fibers and the mat as a whole. Tensile testing of the
single fibers was conducted at a constant engineering strain rate of 0:001 s!1 on an MTS Nano Bionix universal tensile
testing system. An initial gauge length of 15 mm was used (Pai et al., 2009).

The mat was cut into rectangular specimens 10 mm wide and 30 mm long with a razor guided by a straight edge for uniaxial
testing. The thickness of each specimen was determined from the average of three measurements with a Mitutoyo force-
controllable micrometer set to 0.5 N. These thicknesses range from 100 mm to 150 mm depending on the region of the mat from
which the sample is taken. All tensile tests were conducted at a constant engineering strain rate of 0:01 s!1 on a Bose
Electroforce 3200 (ELF) with an initial grip-to-grip distance of 20 mm. Both axial and transverse strain were monitored with
a Point Grey Grasshopper video extensometer and analyzed with the Vic2d software package from Correlated Solutions. The
video extensometer was also used to monitor the through-thickness direction via a right angle prism; the resolution is not high
enough to monitor the thickness change, but it does allow monitoring for any unexpected out of plane deformation mechanisms.
The force–displacement data as taken from the ELF and the video extensometer, respectively, were reduced to true stress–true
strain results. A membrane stress was used, neglecting changes in the thickness but accounting for changes in width. True stress
is thus defined as the ratio of force to current (deformed) cross-sectional area (neglecting thickness changes) and true strain is
defined as the natural logarithm of the ratio of current length to original length (length being the axial distance between video-
imaged marks).

3. Experimental results

3.1. Single fiber

The results of the single fiber uniaxial tensile tests are shown in Fig. 1. Each fiber was found to be elastic–plastic with
significant post-yield strain hardening. Little variation was found in the elastic modulus among the fibers studied here,
however the yield stress, post yield hardening slope, and break strain were found to vary significantly from fiber to fiber.
The minimum, maximum, and average properties for a population size of 14 fibers are given in Table 1. It was found that
the strain rate dependence was far less than the fiber to fiber variation for a given strain rate (not shown). The variation in
fiber properties arises from variations in polymer chain alignment which occur during the electrospinning process. The
fibers which consist of better aligned chains exhibit greater strain hardening and then reach maximum chain extension
and fracture at lower strains than those which are less well aligned (Pai et al., 2011).
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Fig. 1. True stress–true strain characterization of single fibers of electrospun PA6(3)T.
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3.2. Mat characterization

SEM micrographs of the mat during uniaxial tensile testing show the mat morphology and its evolution with applied strain
(Fig. 2). The undeformed SEM image shows a randomly oriented network structure which indicates initial isotropy in the mat-
plane. Image analysis of electrospun mats has confirmed that fibers of submicron diameter tend to deviate significantly from
being straight and rod-like, such deviation increasing with decreasing fiber diameter and directly reducing the mat modulus
(Pai, 2011; Pai et al., in press). This fiber curvature can be characterized using a radius of curvature, obtained by fitting a
segment of a circle to a section of fiber between crossing points with other fibers. For the materials reported here, the average
fiber diameter was found to be 1:2 mm with average radius of curvature 210 mm and average distance between crossing points
20 mm. However, it is difficult to determine whether a point where fibers cross does in fact represent a bond between those
two fibers. The mat porosity was determined to be 0.89. Three features of the microstructural deformation are readily apparent
in the SEM images of the mat undergoing uniaxial tension: (1) the majority of the fibers align with the direction of applied
strain, (2) fibers oriented transverse to the applied strain tend to bend, and (3) there is a significant densification of the mat.

Table 1
PA6(3)T electrospun single fiber mechanical properties.

Property Average Minimum Maximum Standard
deviation (%)

Elastic modulus (MPa) 4100 3000 5800 18
Yield stress (MPa) 86 63 140 28
Post-yield slope (MPa) 760 330 1600 45
Break strain 0.32 0.15 0.69 49

40 µm

1
2

Fig. 2. SEM images of electrospun PA6(3)T mat subjected to uniaxial tension in situ in the 1-direction. Approximate true strain applied in the 1-direction
is indicated below each image. Scale bar and axes indicated on (a) hold for all the images. (a) E# 0, (b) E# 0:02, (c) E# 0:04, (d) E# 0:06, (e) E# 0:08,
(f) E# 0:10, (g) E# 0:14, (h) E# 0:22, (i) E# 0:41.
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The uniaxial tensile stress–strain behavior of the mat as a whole was found to be elastic–plastic with significant post-yield
hardening (Fig. 3a). There is some variation in the elastic modulus, yield stress, and post-yield strain hardening, though less
than for the single fiber data. The elastic modulus and yield stress of the mat are respectively around 2% and 3% of those of the
individual fibers (Table 2, results shown for eight samples). Accurate reduction of the raw force–displacement behavior into
true stress–true strain behavior requires both the axial and transverse strain data from the video extensometer. Furthermore,
the specimen deformation is influenced by the grips and the effects with grip constraint and specimen aspect ratio are shown
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Fig. 3. Uniaxial tensile characterization of electrospun PA6(3)T mat: (a) stress versus strain, (b) axial strain versus transverse strain from different locations on
the specimen.

Table 2
PA6(3)T electrospun fiber mat mechanical properties (for specimens with length:width aspect ratio of 2).

Property Average Minimum Maximum Standard
deviation (%)

Elastic modulus (MPa) 80 54 97 20
Yield stress (MPa) 2.4 2.0 2.8 28
Post-yield slope (MPa) 33 28 49 6.8

Fig. 4. Video extensometer images of electrospun PA6(3)T mat: (a) prior to deformation; after uniaxial tension to a strain of (b) 0.05, (c) 0.1, (d) 0.2.
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later in the paper. For the case of a specimen with length:width aspect ratio of 2, representative video extensometer images are
shown in Fig. 4 in the initial and deformed states, showing the influence of the grip constraint. While there appears to be a
slight shear deformation, this in fact arises from the markers laying on a line at a slight angle from the horizontal line combined
with the relatively large ratio of the magnitudes of transverse strain to axial strain acting to amplify this angle. The level of
shear is small and will be neglected (shear strain is approximately 10% of the axial strain for all three strains shown here). The
vertical and horizontal central axes of the specimen are used to determine the axial and transverse strain, respectively.
Although the axial strain measurement extends into the region strongly influenced by the grip, it was found that the local axial
strain measure is only weakly influenced by the grip region. The transverse contraction behavior shows the mat to exhibit a
near zero elastic Poisson’s ratio that may be either slightly positive or slightly negative, followed by a large transverse
contraction beginning at an axial strain of 0.02 (ratio of negative transverse contraction to axial strain 41 : 1) (Fig. 3b). The
transverse contraction suggests a consolidation of the fibrous structure.

The response of the mat to uniaxial cyclic (load–unload–reload) loading gives further insight into the deformation
mechanisms (Fig. 5). The stress–strain curve during unloading and reloading shows a near linear behavior until approaching
zero stress, at which point there is a small rollover and reloading hysteresis. There is a sharp yield when the reloading curve
meets the monotonic curve such that the cyclic stress–strain curve then follows the monotonic curve. One subtle but
interesting feature is the continual increase in the unloading and reloading slopes with increasing strain (Fig. 6). This increase in
modulus with strain likely arises due to both the densification of the mat and the alignment of the fibers. The cyclic transverse
strain is similar to the monotonic transverse strain with slight deviations due to plastic deformation.

4. Constitutive model

A constitutive model for the elastic–plastic membrane stress–strain behavior of a randomly oriented two-dimensional
non-woven network is constructed based on the mechanical behavior of the constituent fibers, the fiber geometry, and the
network connectivity. A representative volume element (RVE) of the network connectivity is constructed assuming a
triangulated network structure. The layered and isotropic nature of the network geometry is approximated as layers of
triangulated networks (Fig. 7). The constituent fiber behavior is modeled as elastic–plastic based on single fiber experimental
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Fig. 5. Cyclic uniaxial tensile characterization of electrospun PA6(3)T mat: (a) stress versus strain, (b) axial strain versus transverse strain.
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Fig. 6. Evolution of elastic modulus for unloading and reloading during cyclic uniaxial testing of PA6(3)T mat.
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data, capturing both axial and bending deformation during end-to-end axial loading. The constitutive model development is
then based on balancing the work needed to deform the network with the internal energy storage and dissipation mechanisms
of the structure during deformation.

4.1. Thermodynamic framework

The constitutive model for the elastic–plastic material is derived beginning with a thermodynamic or strain energy based
framework. Here we follow a notation close to that presented in Holzapfel (2000) and consider an isothermal condition.

The Helmholtz free energy per unit reference volume c is expressed as a function of the deformation gradient F and
internal state variables xi

c# ĉ$F,x1,x2, . . .% $1%

where F# @x=@X, X is the original position, x is the deformed position, and the xi represent aspects of the microstructural
state such as plastic stretch and the curvature of fibers. The second law gives

To : _F!
@c
@F

: _F
! "

!
X

i

@c
@xi

: _xiZ0 $2%

which gives the first Piola–Kirchoff stress To to be

To #
@c
@F

$3%

The Cauchy (true) stress is then given by

T#
1
J
@c
@F

F
T

$4%

where J# det F is the surface area ratio (Adeformed : Aoriginal) for the two dimensional membrane (where we do not account
for thickness change).

4.2. Representative volume element

A triangulated network model is proposed to represent the network of fibers that constitute the non-woven mat. The mat
structure is approximated to consist of bonded layers of planar triangulated networks. Each member of a representative
triangle is taken to exhibit the behavior of a single fiber.

4.2.1. Kinematics
An equilateral triangle geometry is chosen for the representative volume element (RVE) both for simplicity and initial elastic

isotropy. Due to the triangulated structure, the mapping of the macroscopic deformation of the mat to the microscopic
deformation (i.e. to the deformation of the individual fibers within the RVE) is dictated simply by kinematics. This results in a
direct relation between the end-to-end extension of each of the constituent fibers in the triangle and the applied macroscale
deformation gradient.

An equilateral triangle with members of initial end-to-end length lo (where lo is the distance between fiber–fiber
junctions) composes the RVE. For a single layer triangle RVE with one member aligned with the horizontal (1-direction)
axis, the axial stretch on each member (il; i# A,B,C) is kinematically determined in terms of the membrane deformation
gradient Fij (Arslan and Boyce, 2006)

Al # 1
2&$F11!F12

###
3
p
%2"$F21!F22

###
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p
%2'1=2 $5%

Bl # 1
2&$F11"F12
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2

Fig. 7. Conceptual schematic of a double layer triangulated network model: undeformed isolated triangles (top left), undeformed double layer network
(bottom left), deformed double layer network (right).
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Cl # $F2
11"F2

21%
1=2 $7%

where the left superscripts A, B, and C refer to the three members of the triangle and C is the member aligned with the
1-axis (for initial orientation defined as 01, Fig. 8).

The multilayer nature of the mat is captured by adding a second triangulated layer at a different orientation. The second
layer of triangles captures the multilayer mutual constraint effect in the electrospun mat. The two triangles stretch
according to the same deformation gradient. The specific kinematics are shown for the superposition of two triangles with
the second triangle rotated 301 counterclockwise from the first (Fig. 9). The stretch of each member of the second triangle
in terms of Fij is given by

Dl # 1
2&$F11

###
3
p
!F12%2"$F21

###
3
p
!F22%2'1=2 $8%

El # 1
2&$F11

###
3
p
"F12%2"$F21

###
3
p
"F22%2'1=2 $9%

Fl # $F2
12"F2

22%
1=2 $10%

where the left superscripts D, E, and F refer to the three members of the second triangle.
The results and discussion will focus on the case of the double layer of triangles which well capture the material

behavior, the single layer behavior is included in the appendix for completeness. For the double layer cases, the layers do
impose mutual constraints to satisfy equilibrium which, in turn, affects the deformation gradient for a given membrane
stress state.

With these kinematics fiber orientation is simple to track. A 2D version of the Herman’s orientation function will be
used to calculate the average orientation. This function is defined as: h# 2/cos2aS!1, where a is the angle between each
fiber and the axis of interest. This function ranges from !1 when perpendicularly oriented to 1 when fully oriented.

4.2.2. Mat strain energy
The strain energy density of the mat (c) is the sum of the strain energies of the triangle members $iC% scaled by the

member number density

c# n
6

X

i # A...F

iC $11%

Fig. 8. Schematic of repeat unit of single triangle model: (a) subjected to 1-direction extension and 2-direction contraction, (b) under arbitrary deformation.

Fig. 9. Schematic of repeat unit of double triangle model: (a) subjected to 1-direction extension and 2-direction contraction, (b) under arbitrary
deformation.
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where n is the number density of members (number of fiber segments per unit volume). Expressions for the member
elastic strain energy will be provided later as a function of member stretch il and internal state variables.

The membrane Cauchy stress can now be specified as

T#
n
6J

X

i # A...F

@$iC%
@$il%

@$il%
@F

FT $12%

Recognizing that the force $if % on a member is

if #
1
lo

@$iC%
@$il%

$13%

the stress can then be written as

T#
nlo
6J

X

i # A...F

if
@$il%
@F

FT $14%

Therefore, to obtain the mat stress–strain behavior, the fiber force if is needed as a function of fiber stretch il.

4.3. Single fiber constitutive model

An expression for the elastic–plastic force-stretch behavior of a single fiber is required in order to determine the
behavior of the mat. The fibers are modeled in two ways: (1) fibers are taken to be initially straight and to remain straight
with deformation, and (2) fibers are taken to possess a small initial curvature such that they undergo a combination of
bending and stretching when subjected to end axial loads.

4.3.1. Straight fibers
Kinematics: For simplicity, the fibers are first assumed to be initially straight and deform by axial extension or contraction.

Each member is assumed to have an initial end-to-end distance lo which corresponds to the distance between fiber–fiber
junctions. The total fiber stretch is defined as il # il=lo, where il is the current end-to-end distance of fiber i. The axial stretch of
the fiber is accommodated by elastic and plastic deformation as captured through the Kroner–Lee decomposition

il # il
e
$il

p
% $15%

where il
e

is the elastic stretch and il
p

is the plastic stretch on fiber i.
The corresponding rate kinematics are described by the velocity gradient iD # i _l $il%!1 which can be decomposed into

elastic and plastic contributions

iD # iD
e
" iD

p
$16%

where iD
e
# i _l

e
$il

e
%!1 is the elastic velocity gradient and iD

p
# i _l

p
$il

p
%!1 is the plastic velocity gradient. iD

p
will be

constitutively prescribed later.
Constitutive: A simple one-dimensional elastic–plastic model is used for the fiber behavior. The member elastic strain

energy iC due to axial stretching is given a Hookean-like definition

iC # 1
2Epr2

olo$
il

e
!1%2 $17%

where the fiber is assumed to be incompressible $r2
olo # ir

2 il%, ro is the initial fiber radius, and ir is the current fiber radius.
The resulting fiber force is given by

if #
@$iC%
@$il%

#
Epr2

o
il

p $
il

e
!1% $18%

The elastic stretch il
e

is found by il
e
# il=il

p
. To obtain il

p
, the rate of plastic stretching iD

p
is needed. iD

p
is constitutively

prescribed to follow a rate dependent process driven by the axial stress

iD
p
# _Eo sinh

is
is

$ %
$19%

where is # if =$p$ir%2% is the axial Cauchy stress, ir # ro=
#####
il

q
is the current fiber radius, _Eo is a pre-exponential coefficient, and is

is the resistance to yield. To capture the observed post-yield strain hardening, the resistance is is assumed to increase with
plastic stretch such that

is # so$
il

p
%n $20%

where so is the initial value and n is the strain hardening exponent. il
p

is then obtained by integrating i _l
p
# iD

p
$il

p
%.
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4.3.2. Curved fibers
The fibers in a mat typically possess an initial curvature. The change in the end-to-end length of a fiber is hence

accommodated by a combination of fiber bending (or unbending) and fiber stretching (where stretching corresponds to
changes in the contour length of the fiber). For the case under consideration here, the initial curvature is slight and has
negligible impact on the fiber end-to-end tensile behavior (i.e. the elastic–plastic model for the straight fiber model still applies
for fiber extension) and negligible effect on the initial slope during end-to-end compression. However, as the fiber end-to-end
distance is further decreased during compression, the force response becomes increasingly compliant as the section bending
moment within the fiber increases and the change in end-to-end fiber length in compression becomes dominated by fiber
bending. Fiber bending will be large enough that elastic–plastic bending must be taken into account during compression. The
elastic–plastic extension–compression behavior of a curved fiber is shown in Fig. 10 as captured using a finite element model.
The fiber is given a slight initial curvature (ro=lo # 10:6, where ro is the initial radius of curvature) and is assigned elastic–
plastic behavior with moderate strain hardening as seen in the single fiber data. Fig. 10 contrasts the initially curved elastic–
plastic fiber with an initially curved elastic fiber and a straight elastic–plastic fiber. As indicated earlier, the behavior in tension
is essentially the same for the initially curved fiber as for the straight fiber. In compression however, the initially curved
behavior deviates significantly from the straight fiber as it is compressed. First examining the elastic curved fiber, it is evident
that the force-stretch response rolls over at an order of magnitude lower stress than the straight fiber yield stress (Fig. 10b). The
effective fiber response hardens slightly due to the competing influences of the increasing bending energy and structural
softening due to the increasing moment arm. When plasticity is incorporated into the fiber constitutive behavior the rollover
upon compression is unaffected since it is an elastic phenomenon. Plasticity acts to reduce the effective fiber-stretch hardening
slope. While this change in slope is subtle, it is important to include as plastic deformation due to the fiber behavior upon
unloading. This difference in load–unload compressive behavior will be critical to model cyclic mat behavior. A simplified
mathematical representation of this fiber behavior is presented below for use in the mat network model.

For the behavior under compression when completely elastic, the force versus end-to-end behavior is essentially an
Euler-elastica formulation (albeit in compression) which can be approximated by a piecewise polynomial for the purposes
of simplicity and to provide an analytical expression for use in the overall mat constitutive model
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where il
b

is the bending stretch (corresponding to a change in end-to-end length without a change in contour length) of

fiber i; A2 and A3 are material properties defining the elastic fiber bending force response; and B2, B3, C2, and il
n

uniquely
satisfy continuity requirements in the force-stretch behavior. The bending stretch is constrained to be compressive

(il
b r1) in accordance with the aforementioned small initial curvature assumption.
The fiber is also capable of undergoing plastic deformation under compression. In this case the bending stretch is

decomposed into elastic and plastic contributions

il
b
# il

b,e
$il

b,p
% $22%

where il
b,e

and il
b,p

are the elastic and plastic bending stretch on the fiber respectively.
The corresponding bending rate kinematics, which are required to describe the plastic evolution, are described by the

velocity gradient iD
b
# i _l

b
$il

b
%!1 which can be decomposed into elastic and plastic contributions

iD
b
# iD

b,e
" iD
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where iD
b,e
# i _l

b,e
$il

b,e
%!1 is the elastic velocity gradient and iD

b,p
# i _l

b,p
$il

b,p
%!1 is the plastic velocity gradient.

Fig. 10. Fiber force-stretch behavior as determined via an explicit finite element simulation of the fiber using realistic elastic–plastic properties, curvature, and
geometry: (a) load–unload behavior in both tension and compression, (b) zoomed in on load–unload behavior under compressive axial force.
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iD
b,p

is constitutively prescribed similarly to the axial stretching plasticity to follow a rate dependent process driven by
the axial compressive stress

iD
b,p
# _Eo sinh

!is
is

b

" #
$24%

where is # if =$pr2
o % is the axial Cauchy (tensile) stress, the fiber radius ro is approximated to remain constant, _Eo is a pre-

exponential factor proportional to the attempt frequency, and is
b

is the resistance to yield in bending. The pre-exponential
factor is the same as that used for the axial plasticity, but the resistance to yield will be different since this plasticity occurs
due to a combination of the axial load and the fiber curvature. To capture the post-yield strain hardening, the resistance is

b

is assumed to increase with plastic stretch such that
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where sb
o is the initial value and nb is the strain hardening exponent. il

b,p
is then obtained by integrating i _l
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Summary of curved fiber equations:
The end-to-end fiber stretch, il, is decomposed into bending, il

b
, and axial stretching, il

a
(change in contour length)

contributions

il # il
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Each of these is further decomposed into elastic and plastic contributions
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where il
b,e

is the elastic bending stretch, il
b,p

is the plastic bending stretch, il
a,e

is the elastic axial stretch and il
a,p

is the plastic
axial stretch.

As part of the analytical simplification of the fiber behavior the following constraints are imposed:
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This simplifies the formulation for operational purposes without losing the dominant behaviors.
The rate kinematics are described by the velocity gradient iD # i _l $il%!1 which can be decomposed into elastic and plastic

bending and axial contributions
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iD
b,p

and iD
a,p

are required to update the bending and axial plastic stretches, respectively, and are constitutively prescribed by
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where is # if =$p$ir%2% is the axial Cauchy stress; ir # ro=
#######
il

a
q

is the current fiber radius; _Eo is a pre-exponential factor

proportional to the attempt frequency; is
b

and is are the resistance to yield in bending and axial deformation; sb
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are the initial values and strain hardening exponents associated with is
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The fiber force is then obtained by
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4.3.3. Fiber material parameter determination
The parameters required to define the fiber tensile behavior are the elastic modulus (E) and the material properties governing

plasticity (_Eo,so,n) where _Eo and s set the rate dependent yield stress, n assigns the post-yield strain hardening. The elastic modulus
is set to the average single fiber elastic modulus. The fiber plasticity properties are fit to the minimum, maximum, and median
single fiber data (Fig. 11 and Table 3). Fiber behavior near the maximum is required for a good prediction of the mat model
assuming straight fibers whereas fiber behavior near the median is required for the mat model assuming initially curved fibers.

There are four parameters required to define the fiber behavior under compression: A2 and A3 which determine the elastic
behavior, and so

b
and nb which determine the plastic behavior. These four parameters are fit according to the transverse strain

behavior under cyclic tensile loading as will be shown in Section 5.1. A2 and so
b

determine the behavior at strains less than
( 0:05; A3 and nb determine the behavior at strains greater than ( 0:05. An increase in A2 or a decrease in A3 results in a
decrease in the fiber force-stretch response and consequently an increase in mat transverse strain. An increase in so

b
or nb results

in a decrease in fiber plasticity thereby increasing the fiber force-stretch response and decreasing mat transverse strain. B2, B3,
C2, and il

tr,e
uniquely satisfy continuity requirements in the force-stretch behavior; both the slopes and the force values of the

three part force-stretch polynomial must match at the transition between the different regions. The fiber behavior that is used
in the model that includes initially curved fibers is shown in Fig. 11. The fully elastic bent fiber and straight fiber behaviors are
also shown for comparison. Note that while there are a number of property parameters required for the fiber elastic–plastic
bending model, the behavior is simply one of elastic–plastic bending and the parameters facilitate an analytical description.

5. Results and discussion

The results are presented in three sections: (1) the material model under periodic boundary conditions, (2) the material
model using full specimen geometry, and (3) model validation using additional aspect ratio specimens. The results are for
the full model, which has an RVE consisting of two layers of triangles and members that are initially curved and allowed to
bend, unless otherwise indicated. Further details on the model behavior for the RVE in which the fibers are constrained to

Fig. 11. Model of fiber force-stretch behavior: (a) tensile fiber model behavior compared to experimental data, (b) comparison of straight, curved, and
elastic curved fibers.

Table 3
Model parameters used to fit the range of single fiber data.

Data Set _Eo (s!1) so (MPa) n

Median 9.91)1018 s!1 6.0 4.3
Minimum 9.91)1018 s!1 4.3 1.5
Maximum 9.91)1018 s!1 8.9 12
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Fig. 12. Visualization of the straight and curved member RVE component deformation. Each member is directly modeled via finite element implementation.
The RVE is subjected to uniaxial tension in the 1-direction. (a) and (b) Initial configuration, (c) and (d) uniaxially loaded to E11 # 0:075, (e) and (f) E11 # 0 after
prior loading to E11 # 0:075. (a,c,e) Members are required to remain straight; (b,d,f) members are allowed to bend. (a) E11 # 0, E22 # 0, (b) E11 # 0, E22 # 0,
(c) E11 # 0:075, E22 #!0:019, (d) E11 # 0:075, E22 #!0:222, (e) E11 # 0, E22 # 0:005, (f) E11 # 0, E22 #!0:029.
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remain straight and for the RVE consisting of different numbers of layers are included in the appendices for completeness
(theory Section 4.3.1). Results will be presented for tensile strains up to 0.2; at this strain distributed fiber failure and
interfiber debonding begins to have a noticeable effect on the mat behavior.

5.1. RVE response

Prior to presenting results from the mathematical constitutive model, uniaxial tension of the two layer triangle RVE is
visualized: a finite element discretization considering ‘‘straight’’ fibers which do not bend is compared to that considering
initially curved fibers which may bend (Fig. 12). Two important deformation mechanisms are immediately apparent in this
figure. The first is the importance of allowing bending of the fibers, enabling significant transverse contraction during
uniaxial tension and rotation of off-axis fibers towards the tension direction. The second is the mutual constraint effect in
the double layer RVE. The mutual constraint leads to different member forces when compared to the isolated layer
response which in turn leads to stretching and bending of the various members which would not happen to either layer
independently. The discretized model underscores the deformation mechanisms observed in the SEM and the importance
of including these in the mathematical micromechanical constitutive model.

The axial stress–strain and the transverse strain behavior of the double layer RVE-curved fiber (composed of initially curved
members) constitutive model is shown in Fig. 13a–c. The material parameters required for this model are the fiber geometry
(ro,lo), the single fiber elastic (E) and yield/post-yield (_Eo,s,n) properties, and the number density of fibers $n%. The fiber geometry
is taken as average values directly from the SEM images. These data were captured using a tensile fiber behavior close to the
median fiber behavior. The multilayer nature of the material allows the elastic–plastic pre-failure behavior to be captured with
average fiber geometry and properties rather than requiring the statistical distribution to be included. Ideally, the fiber number
density should be related to the mat porosity via the volume occupied by the fibers in the RVE

ntheory #
1!j
pr2

olo
$38%

where j is the porosity. The member number density n required to match the RVE stiffness to the mat elastic modulus is
within 20% of the theoretical estimate of n based on porosity (3:9) 1015 m!2 versus 4:86) 1015 m!2, Table 4). This agreement

Fig. 13. Double layer triangle RVE-curved fiber model subjected to monotonic uniaxial tensile loading: (a) stress–strain behavior as a function of angle a from
the 1-direction, (b) transverse strain versus axial strain as a function of angle a from the 1-direction, (c) deformation of each member of the triangles versus
strain as a function of angle a from the 1-direction, (d) single fiber tensile fit used in model compared to the single fiber experimental data.
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is quite good for this system, especially considering that at roughly 90% porosity, a small error in porosity corresponds to a large
error in member number density.

As seen in Fig. 13, the constitutive model captures all of the main features of the axial stress–strain and transverse-axial
strain behaviors including initial modulus, yield stress, post-yield strain hardening and transverse contraction. The bending of
any fibers in compression reduces their strain energy contribution, which in turn reduces their contribution to the initial
modulus of the mat. The bending of transversely oriented fibers leads to fiber alignment and consolidation which enables
capturing both the transverse contraction and the strain hardening.

Although the double-layer constitutive model captures all of the main features in a reasonably quantitative manner, the
inclusion of initially curved fibers in the RVE does introduce a strong dependence on the angle a at which loading is applied as
is evident in Fig. 13a–c (which is not true for the straight fiber RVE, see Appendix A.2). This arises due to the sensitivity of the
RVE behavior to any single fiber member bending, which is in turn sensitive to the respective member’s initial orientation.
Hence, in order to capture the observed isotropy, the initial heterogeneous nature of the triangle orientations should be taken
into account. The more statistical aspects of fiber orientation can be captured by averaging over a greater number of layers of
different triangle orientation (as shown in Appendix B) or by accounting for heterogeneity in the membrane plane. In Fig. 14,
a finite element discretization (undeformed and subjected to uniaxial tension at a strain of 0.20) which accounts for
heterogeneity of orientation within the plane is shown, where each material point is assigned a double layer constitutive
model, and four initial orientations are randomly distributed across the mesh (orientation is defined as the angle between

Table 4
Material parameters used to match the double layer triangle RVE-curved fiber model to
experimental data.

Model component Material
parameter

Value

Fiber axial properties E 4100 MPa
_Eo 9.91)1018 s!1

so 6.33 MPa
n 0.6

Fiber bend properties A2 2.0 N
A3 1.8 )10!5 N

sb
o

0.14 MPa

nb !4

Mat geometry ro 6)10!7 m
lo 2)10!5 m
n 3.9)1015 m!2

1

2

Fig. 14. Mesh and geometry used for multi-orientation finite element simulations with periodic boundary conditions of double layer triangle RVE-curved
fiber model: (a) initial, (b) 20% strain when initial RVE orientations (orientation defined as the angle between member C and the 1-axis) are randomly
assigned to 01, 7:51, 151, and 22:51. Shades of grey indicate different initial RVE orientations.
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member C and the 1-axis). Note the large transverse contraction which is qualitatively consistent with the corresponding
experimental images (Fig. 4). The stress–strain and transverse strain response are shown in Fig. 15 for different initial
orientation combinations. With a distribution of two orientations the response depends on the choice of orientations, however
with a distribution of four orientations the response is isotropic. The model now provides an isotropic elastic–plastic behavior
with all the relevant features. However, the rather dramatic transverse behavior leads to significant influence of the specimen
geometry and boundary conditions from the grips on the behavior. Hence a model of the full specimen is needed to provide an
ability for completely quantitative comparison of model to experiment.

5.2. Full specimen response

In order to accurately capture the experiment, the full specimen is simulated, including the specimen length:width aspect
ratio L : W # 2 with a zero lateral contraction condition at the grips, and the imposed grip displacement rate. Due to symmetry,
only the top right quarter of the specimen is simulated as shown in Fig. 16; in plane heterogeneity is taken into account by
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Fig. 15. Response of the finite element model of the double layer triangle mat subjected to periodic boundary conditions and uniaxial tension in the
1-direction. The model consists of elements randomly assigned the behavior of a double layer triangle RVE-curved fiber model oriented at one of four
angles indicated (orientation defined as the angle between member C and the 1-axis): (a) stress–strain behavior as a function of initial triangle
orientation from the 1-direction, (b) transverse strain versus axial strain as a function of initial triangle orientation from the 1-direction.

Fig. 16. Mesh and geometry used for multi-orientation finite element simulations with actual specimen geometry and boundary conditions of double
layer triangle RVE-curved fiber model compared to the double layer straight fiber model and the single layer curved fiber model: (a) initial, (b) 20% strain
when initial RVE orientations are randomly assigned to 01, 7:51, 151, and 22:51 (orientation defined as the angle between member C and the 1-axis).
Shades of grey indicate different initial RVE orientations.
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random assignment of four initial orientations to each material point. The monotonic response for the full specimen geometry
is shown in Fig. 17 where the double layer RVE-curved fiber model is compared to the double layer RVE-straight fiber model.
The axial stress–strain behavior including initial modulus, yield and post-yield strain hardening as well as the transverse
strain–axial strain responses are well captured with the double layer RVE when fiber bending is included. Restricting the fibers
to remain straight clearly inhibits the transverse contraction which inhibits fiber alignment which leads to overprediction of
the yield stress as well as dramatic underprediction of post-yield strain hardening. The cyclic (load–unload–reload) response of
the double layer RVE-curved fiber model is shown in Fig. 18. The model captures the unload and reload with a small hysteresis
and the sharp yield upon reload as the curve meets the monotonic curve. The unloading and reloading slopes from the model
do increase with strain as seen in the experimental data because of the increased member alignment and consolidation.

5.3. Model validation

To further assess the predictive capability of the constitutive model, uniaxial tensile loading experiments are conducted
at two additional specimen aspect (length:width) ratios, resulting in a total of three aspect ratios for comparison:
L : W # 1,2,3. Since there is a strong tendency for transverse straining and fiber consolidation upon uniaxial loading, it is
expected that there will be a significant dependence of the mat response on specimen aspect ratio due to the boundary
conditions imposed by the grips. The experimental results of deformed specimen shape, stress–strain response, and
transverse strain response are compared with the model predictions for all three specimen geometries. The membrane
stress–strain response is reduced, in both the experiments and the model, using the axial and transverse strain from the
markers on the central axes of the specimen for each geometry. Note that the axial strain as measured over the lengthspan
between markers is nearly the same as the local axial strain at the center of the specimen and hence the stress–strain
behavior reported approximates that at the specimen center.
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Fig. 17. Full specimen response to monotonic uniaxial tensile loading for the double layer RVE-curved fiber model: (a) stress versus strain, (b) transverse
versus axial strain.
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Fig. 18. Full specimen response to load–unload–reload uniaxial tensile cycling for the double layer RVE-curved fiber model: (a) stress versus strain,
(b) transverse versus axial strain.
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Specimens of each aspect ratio are shown in the initial configuration and at an axial strain of 0.2 (Figs. 19–21a and b).
The influence of the grip constraint on the three aspect ratio specimens is apparent by comparing the three deformed
images. The case of L : W # 1 provides a nearly plane strain condition while the L : W # 3 specimen is nearly uniaxial
tension at the center. Representative stress–strain and transverse strain responses for each aspect ratio are shown in
Fig. 22. The elastic modulus of the three specimens is similar to within experimental error where we note that this is
related to their being relatively little transverse strain during the elastic stage of uniaxial tension. Yield is moderately
affected by the specimen geometry, with the yield stress decreasing with increasing aspect ratio since more of the fibers
are free to bend, thereby contributing less to the load (mat strain energy) at yield. The post-yield slope increases
significantly with increasing specimen L : W as a consequence both of the greater alignment of the fibers and the greater
consolidation in the larger aspect ratio geometry due to the greater magnitude of transverse strain (Fig. 22b).

A silhouette of the simulated deformed specimen is overlayed on the deformed experimental image (Figs. 19–21a and b) for
each L : W . In each of the three cases the simulated shape is quite similar to the experimental shape. These specimen
deformation comparisons indicate that the model captures the gradual transition from the grip constraint on each end to the
region of maximum contraction at the center. The grip effect on each specimen geometry is evident in the contours of axial and
transverse normal strain (Figs. 19–21c and d). For a given aspect ratio, the influence of the grips on restricting the transverse
strain over a broader area with reduced L : W is clear. The model stress–strain and transverse strain responses are compared to
the experimental responses in Fig. 22. The model predicts the effect of specimen aspect ratio on the yield stress, post-yield
hardening, and transverse strain to within experimental error.

The difference among the behavior of the three aspect ratio specimens is also evident in the evolution of the average
specimen porosity and the fiber alignment as tracked in the center of the specimen (Fig. 23). The largest aspect ratio
specimen exhibits the greatest amount of consolidation at any given strain, corresponding to achieving the smallest
porosity and the greatest average fiber orientation. This variation in consolidation and alignment evolution with specimen
geometry arises naturally in the model as a result of the network geometry combined with the fiber bending which gives
the multiaxial predictive capabilities of the model.

Fig. 20. Images of electrospun PA6(3)T mat with a length to width aspect ratio of 2:1 (a) video extensometer prior to deformation, (b) video
extensometer after uniaxial tension to a strain of 0.2 with silhouette of corresponding double layer RVE-curved fiber model simulation in white, (c) axial
true strain contour from simulation at a strain of 0.2, (d) transverse true strain contour from simulation at a strain of 0.2.

Fig. 19. Images of electrospun PA6(3)T mat with a length to width aspect ratio of 1:1 (a) video extensometer prior to deformation, (b) video
extensometer after uniaxial tension to a strain of 0.2 with silhouette of corresponding double layer RVE-curved fiber model simulation in white, (c) axial
true strain contour from simulation at a strain of 0.2, (d) transverse true strain contour from simulation at a strain of 0.2.
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6. Concluding remarks

Randomly oriented non-woven electrospun mats have been experimentally characterized under different tensile loading
conditions. Experimental mechanical characterization of fibers electrospun from amorphous polyamide revealed the individual
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Fig. 22. Experimental behavior of electrospun PA6(3)T and double layer triangle RVE-curved fiber model predictions of the full specimen response at
three different specimen length (L) to width (W) ratios to uniaxial tensile loading: (a) stress versus strain, (b) transverse versus axial strain.

"transverse"axial

Fig. 21. Images of electrospun PA6(3)T mat with a length to width aspect ratio of 3:1 (a) video extensometer prior to deformation, (b) video
extensometer after uniaxial tension to a strain of 0.2 with silhouette of corresponding double layer RVE-curved fiber model simulation in white, (c) axial
true strain contour from simulation at a strain of 0.2, (d) transverse true strain contour from simulation at a strain of 0.2.
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fiber stress–strain behavior to be elastic–plastic. Experimental mechanical characterization of random mats electrospun from the
same polymer solution revealed these mats to exhibit elastic–plastic stress–strain behavior with significant post-yield hardening.
At small strains the initial Poisson’s ratio is near zero implying an initial structural rigidity opposing fiber alignment. This
resistance is then overcome and there is significant transverse contraction with axial straining, with a transverse to axial strain
ratio near !1. Under cyclic loading the mats are seen to unload and reload in a nearly linear manner and exhibit an elastic
modulus that increases significantly with strain. The post-yield hardening and the apparent increase in elastic modulus with
strain arise from consolidation and alignment of the fibers. The consolidation and alignment are also underlying the observed
transverse strain behavior. In situ SEM tensile tests reveal the bending of transverse fibers; transverse fiber bending enables the
consolidation and alignment of fibers towards the loading direction as also observed in the SEM. The significant role of transverse
contraction in the overall stress–strain behavior is further revealed in tensile tests on specimens with different length:width
$L : W% aspect ratios. L : W # 3 was found to give nearly uniaxial tensile behavior and a post-yield contraction ratio that was four
times greater than L : W # 1. In turn, the different contraction behavior leads to significant differences in post-yield strain
hardening; greater contraction enables greater fiber alignment and consolidation which gives greater strain hardening.

A micromechanically based constitutive model for the elastic–plastic behavior of non-woven mats is constructed. The mat
structure is idealized as a triangulated network of elastic–plastic fibers. The layered network is captured by a representative
volume element consisting of multiple layers of triangulated networks; a double layer structure with the layers offset by 301 was
found to be sufficient to capture the behavior. The layers impose mutual kinematic constraints emulating the layered structure of
real mats, providing greater isotropy to the yield and post-yield behavior. The behavior of the constituent fibers was taken to be
elastic–plastic accounting for stretching and bending of the fibers when subjected to end tensile and compressive loads. The
bending of the fibers when a fiber is locally under compression was found to be the key mechanism enabling the mat to
consolidate during tensile loading, giving the observed transverse strain behavior as well as the observed post-yield strain
hardening which is naturally captured to result from fiber alignment. The resulting double layer triangulated network of fibers
which exhibit elastic–plastic stretch and bending was found to capture all features of the uniaxial behavior of the mats including:

* elastic–plastic axial stress–strain behavior including elastic stiffness, yield, and post-yield hardening,
* transverse strain,
* cyclic load–unload–reload behavior,
* evolution in elastic stiffness with plastic strain.

The model is further validated via comparison to experiments of axial loading subject to different axial constraints,
from nearly uniaxial to nearly plane strain. The model is found to match the deformed specimen shape, stress–strain, and
transverse strain responses for this range of grip induced constraint. Since the physics in this model is not specific to
polyamide beyond the choice of fiber constitutive properties, it is expected that this model will be transferable to other
electrospun materials and to other layered random networks more generally.
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Appendix A. Straight member RVE

A.1. Single layer triangle RVE with straight members

A single layer equilateral triangle RVE exhibits initial isotropic elasticity and captures aspects of the cooperative deformation
of the fibers to accommodate the applied macroscopic deformation. The material parameters required for this model are the
fiber geometry (ro,lo), the single fiber elastic (E) and yield/post-yield (_Eo,s,n) properties, and the number density of fibers (n). The
fiber geometry is taken as average values directly from the SEM images. The fiber constitutive properties are set to just below
the maximum fiber behavior as this is needed to achieve the appropriate mat strain hardening (Fig. 24d). For this version of the
model a fiber number density of n# 0:54ntheory (2:22) 1015 m!2 versus 4:86) 1015 m!2) was found to fit the modulus of the
mat to the experimental data. The fact that the n needed to capture the mat modulus is of the order of the n approximated by
the porosity measurement suggests that the most significant features of the mat structure are captured. The parameters used to
fit the single layer triangle RVE model are given in Table 5.

Fig. 24. Deformation of the straight member single layer triangle RVE model subjected to uniaxial tension: (a) stress–strain behavior as a function of angle a
from the 1-direction, (b) transverse strain versus axial strain as a function of angle a from the 1-direction, (c) strain (black) and force (grey) of each member of
the triangle versus strain as a function of angle a from the 1-direction, (d) single fiber tensile fit used in model compared to the single fiber experimental data.

Table 5
Material parameters used to match the straight leg single and double layer triangle RVE model to
experimental data.

Model component Material
parameter

Value

Fiber properties E 4100 MPa
_Eo 9.9)1018 s!1

so 8.9 MPa
n 8.0

Mat geometry ro 6)10!7 m
lo 2)10!5 m
n 2.2)1015 m!2
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The uniaxial stress–strain response of the mat captured by the single layer triangle RVE is shown in Fig. 24a for tension at
different angles relative to the triangle orientation. This simplified model of a single layer RVE of straight elastic–plastic fibers is
able to capture the elastic–plastic nature of the mat network. The elastic response is seen to be independent of the angle at
which uniaxial tension is applied due to the symmetry of the equilateral triangle RVE. The yield and post-yield behavior exhibit
some dependence on the orientation of the applied tension since the mat yield point is governed by the first yielding of fibers in
the triangulated network and the occurrence of fiber yield depends on the fiber orientation with respect to the applied tension
(Fig. 24a and c). The evolution of strain and force of each member is shown for 01 and 301 loading directions in Fig. 24c. In the
case of macroscopic tension applied at 01, member C is aligned with the tensile axis and is directly axially strained whereas
members A and B primarily rotate to accommodate the imposed tension and hence experience negligible strain. The impact of
the rotation of A and B is evident in the macroscopic transverse strain behavior (Fig. 24b) for the 01 loading which shows a
transverse contraction. Macroscopic tensile loading at 301 extends members B and C (Fig. 24c) and contracts member A. The
need to compress member A to give transverse strain results in less transverse strain for the 301 loading as compared to the 01
loading (Fig. 24b). Although the model captures the occurrence of transverse strain in the mat during uniaxial tension, the
amount of transverse strain is significantly under predicted in comparison to the experimental data.

The single layer triangle RVE of straight fibers nominally captures the salient features of the elastic–plastic axial stress–
strain behavior. However, it is apparent from the comparison of the single layer triangle RVE model with experiments that
there are three major discrepancies between the model and experiments: the model predicts a slight anisotropic yield and
post-yield behavior; the model predicts a constant slope for the transverse contraction ratio; and the model under predicts
the post-yield transverse strain.

A.2. Double layer triangle RVE with straight members

The layered nature of the network structure of the mat is modeled by forming an RVE with two layers of triangles at different
initial orientations. This layering captures the mutual constraint effect of the different layers of fibers in the electrospun mat. The
double layer RVE behavior (Fig. 25) is shown with the same material parameters as used for the single layer RVE model. The

Fig. 25. Deformation of the straight fiber double layer triangle RVE subjected to uniaxial tension: (a) stress–strain behavior as a function of angle a from
the 1-direction, (b) transverse strain versus axial strain as a function of angle a from the 1-direction, (c) deformation of each member of the triangle
versus axial strain as a function of angle a from the 1-direction, (d) individual triangle contributions to tension applied at a# 01 from the 1-direction.
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double layer system has a similar stress–strain and transverse strain response to uniaxial tension as the single layer RVE
however there is negligible dependence of the stress–strain behavior on angle of loading a (Fig. 25a). There is also a negligible
dependence of the transverse strain behavior on a (Fig. 25b). The contraction is still much less than that observed in the
experiments with the members under compression barely deforming (Fig. 25c). Fig. 25d shows how the stress is distributed
among the two triangles for a# 01. The stress contribution in the direction of applied strain is nearly equal for the two triangles
even though independently they would have quite different responses (compare 01 and 301 in Fig. 24a). The transverse stress on
the two triangles balance each other and are significantly smaller than the axial stress, though not negligible. This layered effect
is an important constraint which fundamentally distinguishes the double layer triangle model from the single layer triangle
model and which distinguishes these electrospun mats from a single layer random network.

Appendix B. Number of layers effect

The model presented in this paper relies on the mutual constraint effect of a double layer versus a single layer triangle
RVE. It is clear however from Fig. 13 that on the single element (single orientation) level that the double layer triangle
RVE-curved fiber response is not isotropic. A natural question is whether the addition of more layers (1) improves isotropy
and (2) significantly changes the response. Pure uniaxial tension is simulated using a finite element discretization analogous to
that of Fig. 14a, for different combinations of layers and initial element orientations. Fig. 26 contrasts the uniaxial tensile
response for one to eight layers, where the number of layers within each RVE and the number of distributed orientations
among different elements multiplies to 8 in each case (where in all cases orientation is defined as before as the angle between
member C on the first layer triangle and the 1-axis; N layers are evenly distributed within a single element such that there are
601=N between subsequent members). From these plots it is evident that while there is a strong difference between the single
layer and double layer RVE, there is only a minimal effect from the further superposition of layers. Adding more layers does
improve the smoothness of the response and the isotropy of a single element orientation, but eight layers with one element
orientation and four layers with two element orientations are both roughly equivalent to two layers with four element
orientations.
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